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Abstract —The stochastic economic lot scheduling problem
(SELSP) considers the make-to-stock production of multiple
standardized products on a single machine with limited capacity
and set-up costs under random demands, random set-up times and
random production times. The SELSP is an NP-hard inventory
problem. Current solutions for the SELSP can be classified as
analytic or heuristic. In both approaches, however, the
computation time needed to obtain an optimal solution is still
unsatisfactory. In this work, the SELSP is first formulated as a
fixed-sequence base-stock (FSBS) system with quantity-limited
lot-sizing policy. An algorithm combining artificial bee colony
(ABC) approach and ordinal optimization (OO) theory,
abbreviated as ABCOO, is then proposed to find a good enough
base-stock level of the FSBS system using reasonable computation
time. The proposed algorithm combines the advantage of multi-
directional search in ABC with the advantage of goal softening in
OO. Finally, the ABCOO algorithm is used to solve an SELSP
involving 12 products and three queuing models. Test results
obtained by the ABCOO algorithm are compared with four lot-
sizing policies and three meta-heuristic methods. The base-stock
level obtained by the ABCOO algorithm is excellent in terms of
solution quality and computational efficiency. Furthermore, a
time series forecasting technique is used to predict the variant
demand rates needed to resolve time-lag problems of the ABCOO
algorithm. Tests of the forecasting technique confirm that it
considerably improves the performance and enables the proposed
algorithm real-time applications.

Index Terms—stochastic economic lot scheduling problem,
artificial bee colony, ordinal optimization, support vector
regression, subset selection procedures, fixed-sequence base-stock
system, quantity-limited lot-sizing policy, time series forecasting.

I. INTRODUCTION

The economic lot scheduling problem (ELSP) addresses

the problem of scheduling the production of a set of items on a
single machine under the assumptions of known constant
demand and known production rates [1]. The goal of ELSP is
to determine lot sizes and production schedules for each item
so as to minimize the sum of inventory holding costs and set-up
costs. In the past three decades, researchers have intensively
studied the classic ELSP and its variations. Most researchers
consider the ELSP a deterministic problem since its task is
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usually seen as short term and operational [2]-[3]. However,
few studies have incorporated random product life cycles and
the time-value of cost in the ESLP.

The stochastic ESLP (SELSP) considers the make-to-stock
production of multiple standardized products by a single
machine with limited capacity and limited set-up costs under
random demands, possibly random set-up times and possibly
random production times [4]-[5]. Industrial applications of
SELSP include glass production, paper production, metal
stamping, injection molding, semi-continuous chemical
processes, and bulk production of consumer products such as
beers and shoes. In the SELSP, production plan is utilized to
decide for each possible state whether to continue production
of the current product, whether to switch to another product, or
whether to idle the machine. The objective of such production
plan is to minimize the total costs, i.e., the sum of holding,
backlogging and set-up costs.

The SELSP is an NP-hard inventory problem and appears to
be analytically intractable. Raza et al. provided a
comprehensive review of the literature focusing on modeling
and solution methods of the SELSP [6]. Winands et al.
surveyed and classified the literature on the SELSP according
to sequencing and lot-sizing decisions [7]. Current solutions
for the SELSP can be classified as analytic or heuristic.
Analytic approaches, such as dynamic programming [8] and
integer programming [9], usually require excessive
computation time to secure an optimal solution. Moreover,
heuristic approaches often lead to a local optimum and cannot
guarantee sufficient quality for global optimization [10]-[11].

Thus, the objective of this work is to determine a good
enough production plan using limited computation time such
that the sum of holding and backlogging costs is minimized.
When the state space is discrete, the SELSP can be viewed as a
multi-class make-to-order queue with set-ups of a fixed-
sequence base-stock (FSBS) system. Therefore, the SELSP is
first formulated as an FSBS system with quantity-limited lot-
sizing policy. The FSBS system has important roles in
modeling and analyzing computer systems, communication
networks, flexible manufacturing systems, transportation
systems, production systems and inventory systems [12].
However, existing numerical techniques cannot provide a
precise analysis of an FSBS system. Even if an FSBS system
allows an exact analysis, it may not provide manageable
expressions of performance such as mean holding times.
Fortunately, stochastic simulation is an effective alternative for
measuring performance in various FSBS systems [13]. If no
numerical technique is available for an FSBS system,
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stochastic simulation is the only possible way of performance
evaluation. Furthermore, the mathematical formulation and
stochastic simulation developed in this work are applicable for
any distribution of random demands and production times.
Thus, the first contribution of this paper is the presentation of a
novel FSBS system and stochastic simulation for solving the
SELSP.

To reduce the computational complexity of solving the
SELSP, a recently developed optimization theory, ordinal
optimization (OO) [14], is used to find good enough solution
that has a high probability of success instead of searching for
the best solution. According to the OO theory, the performance
“order” of solutions is likely preserved even if they are
evaluated using a crude model, and the degree of order
preservation depends on the accuracy of the crude model. The
OO theory has been used to solve hard optimization problems
including stochastic job shop scheduling [15], assemble-to-
order systems [16], allocation of grid computing resources [17],
and hotel booking limits [18]. OO is not an optimization
algorithm but a supplement to existing meta-heuristic methods
[19]-[20], such as the particle swarm optimization (PSO), ant
colony optimization (ACO), bacteria foraging optimization
(BFO), and artificial bee colony (ABC). PSO and ACO are two
popular nature-inspired methods and BFO is inspired by the
social foraging behavior of Escherichia coli. The PSO finds the
optimal solution by moving the particles in the solution space
based on the balance of personal experience and best group
experience. The ACO solves the optimization problems by
moving the tracks of ants with the assistance of the pheromone.
In BFO, individuals with poor foraging strategies tend to be
eliminated whereas those with good foraging strategies tend to
survive. The ABC is a novel biological-inspired optimization
algorithm, which has the advantage of less control parameters,
strong global optimization ability and easy to implement. The
performance of ABC has already been justified better than
some other conventional global optimization algorithms, such
as the genetic algorithm (GA), PSO, and evolution strategies
(ES) [21]-[22]. Due to its simplicity and ease of
implementation, the ABC has caught considerable attention
and has been applied to solve many complex optimization
problems [23]-[24].

Although ABC is good at exploration, it is poor at
exploitation. Exploration refers to the ability to investigate the
unknown regions in the solution space to discover the global
optimum, while exploitation refers to the ability to apply the
information of the existing solutions to find better solutions. In
ABC, onlookers and employed bees carry out the exploitation
process. The performance of local search actually depends on
neighborhood search and greedy selection mechanism
executed by employed bees and onlookers. Moving the old
solution towards another solution selected randomly from the
population can generate the new solution. However, the
probability that the randomly selected solution is a good
solution is the same as that the randomly selected solution is a
bad one. Thus, the new solution is not promising to be a
solution better than the previous one. On the other hand, the
exploration process is controlled by three kinds of bees: scouts,
onlookers and employed bees. The performance of global

search depends on random search process executed by scouts
and neighborhood search mechanism executed by employed
bees and onlookers, which is random enough for exploration.

In this work, an algorithm that combines ABC approach
with OO theory, abbreviated as ABCOO, is proposed to find
good enough production plan for the FSBS system using
limited computation time. The ABCOO algorithm combines
the advantages of multi-directional search in ABC with goal
softening in OO. It is executed in three stages: metamodeling,
exploration and exploitation. The key idea is to narrow the
solution space stage by stage or gradually restrict the search
through iterative use of the OO theory. The goal softening in
OO is to relax the optimization goal from searching the best
solution to seeking for a good enough solution with high
probability, which can ease the computational burden of
finding the optimum. In metamodeling stage, the support
vector regression (SVR) [25] is used to provide a surrogate
model for roughly evaluating the objective value of a solution.
The idea of SVR is based on the computation of a linear
regression function in a high dimensional feature space where
the input data are mapped via a nonlinear function. In
exploration stage, the ABC approach [21] is then used for
efficiently selecting N candidate solutions from the entire
solution space where the fitness is evaluated with the SVR-
based surrogate model. In exploitation stage, the subset
selection procedures (SSP) [26] are performed to allocate
computing resources and budget by iteratively and adaptively
selecting the critical solutions from the N candidate solutions.
Application of the ABCOO algorithm for solving the SELSP is
the second contribution of this paper.

Altogugh the computation speed of the ABCOO algorithm is
quite fast, computation still takes several minutes. Demand
rates used in the search process may become outdated when
the solution is obtained. To overcome this drawback and
enable real-time application, a time series forecasting
technique [27] is used to predict the variant demand rates and
avoid the time-lag problem that occurs when the ABCOO
algorithm is executed. Incorporating the time series forecasting
technique with the ABCOO algorithm is the third contribution
of this paper.

The paper is organized as follows. Section II formulates the
SELSP as an FSBS system with quantity-limited lot-sizing
policy. Section III illustrates the ABCOO algorithm and
describes the time series forecasting technique to predict the
variant demand rates. In Section IV, the ABCOO algorithm is
used to solve an SELSP involving 12 products and three
queuing models. Test results obtained by the ABCOO
algorithm are compared with four lot-sizing policies and three
meta-heuristic methods. Section V concludes the paper.

II. STOCHASTIC ECONOMIC LOT SCHEDULING PROBLEM

A. Problem Statement
The SELSP considers multiple products, which have to be

scheduled on a single production facility. The production
facility has limited stock space for each product, but raw
materials are always available. Demands for various products
arrive according to stationary and mutually independent
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stochastic processes. Demand that cannot be satisfied directly
from stock is backlogged until the product becomes available
after production. Individual products are produced in a make-
to-stock setting with random production times. A random set-
up time is incurred before production of a product begins. The
set-ups are independent of the demand processes and
production times. Meanwhile, only one product can be
produced at a time.

For a discrete state space, the SELSP can be viewed as a
multi-class make-to-order queue with set-ups of an FSBS
system. Fig. 1 shows that the FSBS system considered here has
one production facility and J distinguished products with
limited stock spaces labeled by

J,...,QQ1
. The solid lines with

arrows represent the demand process, backlog process and
replenishment process. The dashed lines with arrows indicate
the switch process of the production facility from current queue
to next queue. The circle in dashed line represents the
cyclically polling process in the ascending order.

Each product is assigned a stock point, which is controlled
by a lot-sizing policy. When arriving at a stock point, the
demand is immediately fulfilled if the requested product is in
stock. A replenishment order is placed immediately after the
demand for the corresponding product is received. Other
assumptions are that a demand completing the production
departs from the system and that production is never
interrupted until the product is completed. If an additional
demand arrives when the buffer is full, the demand is
immediately backlogged without being fulfilled. The
production facility polls the J queues cyclically in the
ascending order of their numbers. This model also assumes the
following: (i) the probability distribution of the product
demand process is general; (ii) the product demand rates

J,...,1
may vary with time but do not deteriorate visibly

within a very short period, e.g. t minutes; (iii) the probability
distribution of the production process is general with intensity
 , and the sequence of production times is identically
distributed (i.i.d.); for simplicity, is assumed to be constant
throughout this discussion; (iv) each queue has maximum
buffer capacity

jK .

Demand

j

…

…

…

…

… …

.
...

.
.

Backlog

1K

2K

jK1jK

1JK

JK
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Replenishment

… Waiting Line

Production facility

Stock point

Fig. 1. FSBS system with make-to-order multi-class queue.

Let T
J ],...,[ 1 λ denote the vector for the product demand

rates. The product set-up time
j incurred when the production

facility switches from
1jQ to

jQ is assumed to have a

truncated normal distribution with a parent mean , a parent
variance 2 , a lower bound 0, and an upper bound . The
product set-up times are independent of the demand processes,
the production processes, and the production order. If the
production facility polls a queue and finds that it has no
product to produce, the production facility polls the next queue.

Since the replenishment orders at the production facility are
indistinguishable, a first-in-first-out (FIFO) queuing discipline
is used. The lot-sizing policy controls the inventory of each
product. Five common lot-sizing policies are exhaustive, gated,
limited, time-limited and quantity-limited [28]. In an
exhaustive policy, the production facility continues production
until the queue is empty. In a gated policy, the production
facility continues production until a production batch has been
completed. The size of a production batch is the difference
between the base-stock level and the starting net stock level. In
a limited policy, no more than one product can be produced in
a queue for a single cycle. In a time-limited policy, the
production facility dwells at a queue for a certain amount of
time even if it is empty, which is obviously inefficient. The
main drawback of the above four policies is the inability to
improve total system performance by prioritizing the products.
Fortunately, the quantity-limited policy avoids this drawback
by enabling the manager to control both the set-up frequencies
and the production runs [28].

In a quantity-limited policy, the production facility continues
production until either a base-stock level has been reached or
until the queue becomes empty, whichever occurs first. Under
such a policy, there exist a pre-defined number of items in
stock for

jQ , i.e., the base-stock level )( jj Kx  . When the

production facility attends
jQ , it will produce for )( jj Kx 

products or until the queue becomes empty, whichever comes
first. Thus, T

Jxxx ),,,( 21 x is a solution vector of the FSBS

system with quantity-limited lot-sizing policy. Obviously, the
solution space is

},,1,,1|),,,({ 21 JjZxKxxxx jjj
T

J   x (1)

where  consists of 


J

j
jK

1

possible x . For example, 30jK

and 10J , the size of will be 1030 , which is very huge.

The system performances under consideration in the present
FSBS system are the holding time and backlogging probability.
We denote the random variable

jH as the holding time of a

demand at
jQ in steady state. The holding time is the time

length from arrival instant of a demand until the beginning of
production. Therefore, ][ jHE represents the expected holding

time of a demand at
jQ . Let

j denote the holding cost for

one time unit of
jQ , then 



J

j
jj HE

J 1

][
1  is the average expected
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holding costs. On the other hand, we denote the random
variable

jB as the percentage of demands that are backlogging

at
jQ , i.e.,

jB =(number of backlogged demand/number of

arrival demand). Thus, ][ jBE represents the expected

backlogging probability of a demand at
jQ . Let

j denote the

penalty cost incurred by backlogging a demand at
jQ , then




J

j
jj BE

J 1

][
1

 is the average expected backlogging costs. The

goal of the FSBS system is to minimize the total expected costs,

])[][(
1

1
jj

J

j
jj BEHE

J
 



, which is the sum of average expected

holding costs and average expected backlogging costs.

B. Mathematical Formulation
The FSBS system with quantity-limited lot-sizing policy

shown in Fig. 1 can be formulated as the following
minimization problem.

])[][(
1

min
1

jj

J

j
jj BEHE

J
 


x

(2)

In other words, we are looking for an optimal base-stock level
to minimize the total expected costs. Apparently, problem (2)
is a stochastic simulation minimization problem with huge
discrete solution space . However, to evaluate the true value
of ])[][(

1

1
jj

J

j
jj BEHE

J
 



for a solution vector x , it is needed

to perform a stochastic simulation with infinite number of
products for all queues. In fact, this is practically impossible.
Fortunately, the performance measure of sample mean can be
used to estimate ])[][(

1

1
jj

J

j
jj BEHE

J
 



. Sufficiently large

number of samples can be used to capture the property of
randomness and obtain a good estimate of

])[][(
1

1
jj

J

j
jj BEHE

J
 



. Therefore, problem (2) is reformulated

as follows.





























J

j jj

j
j

j

l

m

m
j

j bl
b

l

h

J
F

j

1

)(

1

)()(
)(

)(

)(1
)(min

xx
x

x

x
x

x

x
 (3)

where )(xF is the objective value, )(xm
jh denotes the holding

time of the m th produced product, and )(xjl and )(xjb are the

cumulative number of produced products and backlogged
demands of

jQ when the system stops polling, respectively.

Let )(
1

x



J

j
jpd lL denote the predetermined cumulative

number of products produced by the production facility. The
value of

pdL should be sufficiently large in order to have a

good estimate of ])[][(
1

1
jj

J

j
jj BEHE

J
 



, which has an ultimate

impact on the final solution that the proposed method can find.
Let 510JLa

represent the sufficiently large value of
pdL ,

such that each queue has 510 of produced products on the
average. In the sequel, the accurate model of (3) is defined as

apd LL  . For the sake of simplicity in expression, let )(xaF

denote the objective value of a solution x computed by the
accurate model.

To evaluate the objective value of a solution x , we need to
perform a lengthy stochastic simulation based on the flow chart
shown in Fig. 2. Fig. 2 describes the operation of stochastic
simulation for the FSBS system with quantity-limited lot-sizing
policy. The notations used in Fig. 2 are stated as below: t :
current time; j : index of queue; L : total cumulative number
of produced products;

jq : queue length of
jQ ;

jb : number of

backlogged demands of
jQ ;

j : cumulative number of

produced products of
jQ ;

jx : base-stock level of
jQ ; p

jt : a

time pointer to record the elapsed time on the list of cumulative
interarrival time of demand for

jQ ;
jn : number of new

demands between the pointer p
jt and current time t ; s

jt : the

production time for current product; su
jt : the set-up time for

current switch from
1jQ to

jQ ;
pdL : predetermined

cumulative number of produced products. Most part of the
flow chart can tell by itself, where the solid lines with arrows
represent the computation sequence, and the dashed lines with
arrows represent the data computed in the from-block will be
needed in the to-block.

More explanations about the marked blocks are described as
follows. Block B0: The random variate generation is based on
the demand arrival rates λ, the production time distribution
with constant intensity  , and the truncated normal
distribution of set-up time with parent mean  and parent
variance 2 . In fact, the intensity of production time is not
limited to be a constant value. It may be adapted to a variant
value, as long as one can generate the list of production time
during the simulation process. In Block B1, jn is computed

based on the list of cumulated interarrival time of demand for

jQ to count how many demands arrived during the period
p
jtt  . In Block B2, there are two solid arrows pointing to B2.

One is from B1, and updating
jq in this case is simply to set

jjj nqq : . The other is from B3a, and updating
jq in this

case is to set  jj qq : new demands during the production

period [ p
jt , s

j
p
j tt  ]. In both cases, updating p

jt is to set tt p
j  .

In Block B3a, update s
jttt : , where s

jt is provided by the

list of production time. In Block B3b, update su
jttt : , where

su
jt is provided by the list of set-up time. In Block B4, update

the number of backlogged demand
jjjj Kqbb : . In Block

B5, update the queue length exceeding the base-stock level

jjj xqq : . In Block B6, calculate the holding time of the

current product when the production facility starts to product.
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It equals t subtract the time when it arrived at the queue,
which can be found from the list of cumulated interarrival time
of demand. In Block B7a and B7b, update the cumulative
number of produced products

jjj q: and
jjj x : ,

respectively. In Block B8, calculate the total cumulative
number of produced products 




J

j
jL

1

. In Block B9, calculate

the objective value )(xF of (3).

III. SOLUTION METHOD

To cope with the computational complexity of the hard
SELSP, the solution method is implemented in three stages:
metamodeling, exploration and exploitation. The solution
method is summarized by the flow chart shown in Fig. 3. In
metamodeling stage, an SVR-based surrogate model is used to
rank the solution in terms of robustness for distinguishing good
solutions from bad solutions under noise and modeling error.
In exploration stage, the SVR-based surrogate model is used as
a fitness evaluation in the integer ABC approach to select N
candidate solutions from the overall solution space. In
exploitation stage, the SSP are used to find a good enough
solution, which is among the top 3.5% of the solution space
with high probability [14]. These three stages greatly reduce
the computational burden of the hard SELSP.

A. Support Vector Regression
In metamodeling stage, an important task is the selection of

an appropriate metamodel under a given condition. Various
modeling forms have been introduced for metamodeling [29]-
[30], such as multivariate adaptive regression splines (MARS),
kriging (KG), radial basis function (RBF), artificial neural
networks (ANN) and SVR. Among them, SVR is an
implementation of support vector machines. It attempts to
minimize the combination of training errors and regularization
terms that controls the complexity of the hypothesis space so as
to achieve the structural risk minimization inductive principle
[31]. The training data are ( )(, iai F xx ), Mi ,,1 , where

ix
denotes the solution vector and )( iaF x denotes the

corresponding objective value obtained by the accurate model.
The goal of SVR is to find a regression function )(xf that has
at most deviations from the actually objective values )( iaF x
for all training data and simultaneously as flat as possible. The
case of nonlinear function )(xf has been described in the form
as

ef  )()( xωx (4)

where ω is weight vector, e is offset, )(x denotes a
mapping function in the feature space, and )(xω  is the dot
product between ω and )(x . Eq. (4) is required to minimize
the Euclidean norm, which is represented as the following
convex optimization problem.

Input pdL,x
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Random
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List of
Production TimeList of

Cumulated
Interavrrival

Time
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Cumulated

Interavrrival
Time

List of
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Time

1Q jQ JQ... ...

..
.

..
.

START

Set
t=0 ,
j=1 ,
L=0 ,

.0p
jt

Compute

END

Set

ComputeUpdate
and

Compute the
holding time of
current product

Set

jj Kq 

jnp
jt

jjj xqq 

1jj
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Yes
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Yes
No

No
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B3b

B1B2

B3a
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)(xF

List of Set-up Time
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?jj Kq ?0jq
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,0jb
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j
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B5

s
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jjjj Kqbb 

B6
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jttt Is

?Jj 

Set 1j

No
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B7a

jq

B9

jjj x

B7b

Fig. 2. Stochastic simulation of the FSBS system with quantity-limited lot-sizing policy.
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Employed bees phase

Evaluate approximate fitness of
each solution using the SVR-

based surrogate model

Scout bees phase

Pick top N solutions to be
candidate solutions

Determine the number of subphases

Rank and select the
critical solutions

A good enough solution

Randomly select M solutions
from as training data

Evaluate objective value
using accurate model

Off-line SVR was
beforehand trained

Construct the SVR-
based surrogate model

Reach
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criterion?

Termination?

Randomly generate
solutions as initial population
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Onlooker bees phase

Evaluate objective value
of critical solutions

Exponential growth of cumulative
products and exponential decay of

number of critical solutions

Metamodeling stage

Exploration stage

Exploitation stage

Solution space 

Fig. 3. Flow chart of the proposed solution method.

2

2
1

min ω

subject to









)()(
)()(

iai

iia

Fe
eF

xxω
xωx , Mi ,,1 . (5)

The above convex optimization problem means that there
exists a regression function )(xf that can approximate all
input pairs ( )(, iai F xx ), Mi ,,1 , with precision. By

using the Lagrange multipliers and the Karush-Kuhn-Tucker
(KKT) conditions [32], the nonlinear form of regression
function )(xf can be written as

ekaaf
M

i
iii 

1

* ),()()( xxx (6)

where
ia and *

ia denote the Lagrange multipliers, which satisfy

0)(
1

* 


M

i
ii aa , 0ia , 0* ia , i =1,…, M , and ),( xx ik

denotes the kernel function. Although various kernel functions
are available, one of the most common kernels is the Gaussian
function defined as













 
 2

2

2
exp),(


xx

xx i
ik (7)

where  denotes the width of the Gaussian function. The
Lagrange multipliers

ia and *
ia are obtained by solving a dual

Lagrange optimization problem [32]. Computation of offset e
is done by exploiting the KKT conditions, which states that at
the optimal solution the product between Lagrange multipliers
and constraints has to vanish. By the aid of the kernel function,
offset and the corresponding Lagrange multipliers, nonlinear
function approximations can be implemented with SVR.

B. Integer Artificial Bee Colony Approach
In exploration stage, we can efficiently select N candidate

solutions from  using meta-heuristic techniques with the
above SVR-based surrogate model. The ABC approach is
utilized because it outperforms many powerful meta-heuristic
techniques in terms of good exploration capabilities for
searching near-optimal or good solutions. This robust
population-based optimization technique for global numerical
optimization is inspired by the intelligent behavior of honey
bee swarms. Although the ABC approach is designed to solve
continuous variable problems, it can be modified to solve
integer-valued problems as described in this work. In a more
general case, when integer values are needed, the optimal
solution is obtained by rounding the real values to the nearest
integer. Experiments by Sonmez [33] showed that the
performance of the integer ABC method is unaffected when the
real values of the solutions are truncated. Moreover, the integer
ABC approach has a high success rate in solving integer
programming problems that cannot be solved by other methods
such as Branch and Bound.

The three main components of the ABC approach are food
sources, employed bees and unemployed bees (onlooker bees
and scout bees). The employed bees and unemployed bees
search for rich food sources close to their hive. In ABC, the
position of a food source represents a possible solution to the
optimization problem, and the nectar amount of a food source
corresponds to the fitness of the associated solution. The
number of employed bees is equal to the number of food
sources and also equal to the amount of onlooker bees. The
first step in the ABC is to randomly generate an initial
population, i.e., food source positions. After initialization, the
population is subjected to repeat the cycles of the search
processes performed by employed bees, onlooker bees, and
scout bees. Initially, all food source positions are discovered
by scout bees. The food sources (nectar) are then exploited by
employed bees and onlooker bees. However, this continual
exploitation ultimately exhausts them. An employed bee
produces a modification of the source position in its memory
and discovers a new food source position. If the amount of new
nectar is larger than the amount in the previous source, the bee
memorizes the new source position and forgets the old one. If
not, the bee continues to store the old position in its memory.
After the search process is completed by all bees, the location
of the sources is shared with onlookers in the dance area. Each
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onlooker bee evaluates the nectar information taken from all
employed bees and then chooses a food source depending on
the nectar amounts of sources. The employed bee that
exploited the exhausted food source then becomes a scout bee
that searches for further food sources once again. Finally, the
sources to be abandoned are selected, and artificial scouts
randomly replace abandoned sources with new sources.

Let ],,,[ ,2,1, Jiiii xxx x represent the ith food source in the

population. It is assumed that the colony size is
sC , the number

of employed bees is
eN , the number of onlooker bees is

oN ,

and the maximum cycle number is
max . Accordingly, the

number of food sources is 2sC , and 2soe CNN  . Since

the dimension of the SELSP is J , the limit of a scout is

2max

JC
r s  . The integer ABC approach is stated as follows.

Step 1. Initialization of food sources:
(a) Set 0 and 0ir , where is the cycle index and

ir is

the trial counter of the ith food source.
(b) Initialize a population filled with

eN integer-valued vectors

ix as follows:

 )1(]1,0[1,  jji Krandx ,
eNi ,,1 , Jj ,,1 . (8)

where ]1,0[rand is a uniform random number in the range
[0,1],

jK is the buffer capacity of
jQ , and denotes the

round off operator which rounds each component of to
the nearest integer.

Step 2. Evaluate fitness:
Evaluate the fitness )( 

ifit x of 
ix by

)(1
1

)( 


i
i f

fit
x

x


 ,
eNi ,,1 . (9)

where )( 
if x is the estimated objective value of 

ix provided

by the SVR-based surrogate model.
Step 3. Employed bees phase:
For

eNi ,,1 , do

(a) Produce new solution 
ix̂ for employed bees as follows:

 )(]1,1[ˆ ,,,,


jkjijiji xxrandxx  (10)

where },,1{ eNk  , ik  , and },,1{ Jj  is a random

chosen index. If 1,̂ 
jix , set 1,̂ 

jix ; else if
jji Kx 

,̂
, set

jji Kx 
,̂

.

(b) Evaluate the fitness )̂( 
ifit x of 

ix̂ .

(c) Apply the greedy selection process for employed bees
between 

ix̂ and 
ix . If )()̂( 

ii fitfit xx  , set 
ii xx ˆ and

0ir ; else, set 1 ii rr .

Step 4. Evaluate nectar information:
Calculate the probability 

iP for 
ix by




Ne

i
i

i
i

fit

fit
P

1

)(

)(






x

x ,
eNi ,,1 . (11)

Step 5. Onlooker bees phase:
(a) Produce new solution 

ix̂ for onlooker bees as follows:

 )(]1,1[ˆ ,,,,


jkjijiji xxrandxx  (12)

where i is selected depending on 
iP , },,1{ oNk  , ik  ,

and },,1{ Jj  is a random chosen index. If 1,̂ 
jix , set

1,̂ 
jix ; else if

jji Kx 
,̂

, set
jji Kx 

,̂
.

(b) Evaluate the fitness )̂( 
ifit x of 

ix̂ .

(c) Apply the greedy selection process for onlooker bees
between 

ix̂ and 
ix . If )()̂( 

ii fitfit xx  , set 
ii xx ˆ and

0ir ; else, set 1 ii rr .

(d) Repeat (a)-(c) for
oN times.

Step 6. Scout bees phase:
If

maxrri  , set 0ir and replace 
ix with a new integer-valued

vector for the scout as follows:

 )1(]1,0[1,  jji Krandx (13)

where },,1{ Jj  is a random chosen index.
Step 7. Termination:
If

max , stop; else, set 1 and go to Step 3.

When the integer ABC approach is terminated, the final
2sC solutions for x in the population pool are ranked by

their fitness values from highest to lowest. The prior N
solutions for x are then selected as the candidate solutions.

C. Subset Selection Procedures
In exploitation stage, the SSP are repeatedly used to evaluate

the objective value of each candidate solution until a good
enough solution is found. The basic idea of the SSP is
spending more computational efforts on the few critical
solutions and less on the most non-critical solutions. The
multiple phases of the proposed SSP allocate the computing
resource and budget by iteratively and adaptively selecting the
critical solutions. In each subphase, the number of critical
solutions gradually decreases. Additionally, each subphase
simulates the remaining solutions and eliminates some non-
critical solutions. During the last subphase, the good enough
solution is obtained. Computational complexity is drastically
decreased because the refined surrogate model substantially
reduces the number of critical solutions.

For these subphases, the more refined surrogate models for
estimating the )(xF of a solution x are stochastic simulations
with various numbers of cumulative products

pdL ranging from

very small to very large. First, an initial number of cumulative
products denoted by

0L is set to 100J . The number of



HORNG: COMBINING ARTIFICIAL BEE COLONY WITH ORDINAL OPTIMIZATION FOR STOCHASTIC ECONOMIC LOT SCHEDULING PROBLEM
8

cumulative products and the number of critical solutions in the
i th subphase are denoted by

iL and
iN , respectively. Second,

we set
1 ii eLL (or

0LeL i
i  ) for ,...2,1i ., and eNN ii /1

(or 1
1 /  i

i eNN ) for ,...3,2i , where NN 1
. If the obtained

value of
iN is not an integer, we round it to the nearest integer.

Third, the number of subphases is denoted as s , which can be
determined by

,(minarg{ 0
1

0
s

a
s

s
eLLeLs   )}101 1  seN (14)

where 510JLa
. According to the above formula, the value

of s is either (i) or (ii), whichever is lower. The (i) is the
number of cumulative products seL0

exceeds the number of

cumulative products
aL in accurate model. The (ii) is the

number of critical solutions resulted in the last subphase which
is small enough, i.e., 10sN . Once the value of s is

determined, a stochastic simulation with cumulative products

0LeL i
i  is used to estimate the )(xF of the 1/  i

i eNN

critical solutions in the i th subphase. The 1/ ieN critical
solutions are then ranked according to their estimated )(xF ,
and the prior ieN / solutions are selected as the critical
solutions for the ( 1i )th subphase. Finally, a stochastic
simulation with cumulative products

aL is used to compute

)(xaF of the
sN critical solutions in the last subphase. In the

last subphase, the more refined surrogate model is indeed the
accurate model of (3), and the solution with the smallest )(xaF
is the desired good enough solution.

D. The ABCOO Algorithm
The ABCOO algorithm is stated as follows. Step 1

constitutes the metamodeling stage. Step 2 performs the
exploration stage. Steps 3-5 represent the procedures of the
exploitation stage.
The ABCOO algorithm:
Step 0. Set the values of M ,

sC ,
max , N ,

0L ,
aL .

Step 1. Randomly select M x from  . Compute the
corresponding )(xaF for each x using accurate model.

Train the SVR-based surrogate model using the
obtained M input-output pairs, ( x , )(xaF ).

Step 2. Randomly generate 2sC x as the initial population.

Apply the integer ABC approach to these solutions
assisted by the SVR-based surrogate model. After the
integer ABC approach reaches the maximum cycle

max ,

rank the final 2sC x by their fitness values and select

the prior N x as the candidate solutions.
Step 3. Determine the value of s by (14).
Step 4. For 1i to 1s , use the stochastic simulation with

cumulative products
0LeL i

i  to estimate )(xF of the
1/  i

i eNN critical solutions in the i th subphase.

Rank these 1/ ieN critical solutions according to their

)(xF and select the prior ieN / solutions as the critical
solutions for the ( 1i )th subphase.

Step 5. Use the stochastic simulation with cumulative products

aL to compute )(xaF of the 1/ seN critical solutions.

The one with the smallest )(xaF is the desired good

enough solution.

E. Forecasting Technique for Variant Demand Rates
No matter how fast the solution method could be, it is

certainly not instantaneous. However, as long as the execution
time is short enough, e.g. three minutes, we can incorporate
with a forecasting technique to predict the variant demand rates
of three minutes later, which will serve as the J,...,1 in Fig. 1.

Denoting t as the time units for executing the ABCOO
algorithm, the computed results should correspond to the
demand rate of t time units ago. To avoid this time-lag
problem, we can use the predicted demand rates at t time
units later as the current demand rate λ. That is, variant
demand rates must be predicted for each t period. Therefore,
a time series forecasting technique [27] is needed to identify
past relationships and trends in historical data and to predict
future values. Time series forecasting is widely used to predict
economic and business trends. The goal of time series
forecasting is to identify factors that can be predicted. This
technique involves two major steps: (i) hypothesize a form for
the time series model, and (ii) choose a forecasting approach.
Although many forecasting approaches have been developed in
recent decades, the Box-Jenkins approach is one of the most
widely used time series forecasting methods in this field [27].
This approach uses a systematic procedure to select an
appropriate model for a rich family of models, i.e.
autoregressive integrated moving average (ARIMA) models. A
general ARIMA(p,d,q) model has the following form.

c

y

t
q

q

t
p

p
d









)1(

)1()1(
2

21

2
21



 (15)

where  is the back-shift operator, d indicates whether the
process is stationary, p and q are the orders of the
autoregressive model and the moving average model,
respectively, i is the i th order autoregressive coefficient,

j

is the j th order moving average coefficient, t is a random

error with normal distribution ),0( 2
N , c is a constant, and

ty is the time series data.

Detail procedures of the Box-Jenkins approach are described
below. (i) Identify the model by tentatively using historical
data to identify an appropriate Box-Jenkins model. (ii)
Estimate the parameters of the tentatively identified model. (iii)
Perform a diagnostic check: models must be checked for
validity before the forecasts are generated. If the estimated
model is inadequate, it must return to procedure (i) and attempt
to build a better model. (iv) Perform the forecast. Once the best
model is selected at a particular point in time, the Box-Jenkins
approach is used to predict variant demand rates for each t
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period. First, past demand rates )(tλ are collected, tt  ,
where t denotes the current time. Second, the ARIMA(p,d,q)
model with the best fit to the time series data is used to perform
forecasting to predict the demand rate at tt  , denoted by

)(̂ tt λ . Finally, the good enough solution obtained based on

)(̂ tt λ approximates the system condition at the actual
demand rate )( tt λ at tt  . As the forecasting process is
performed for each t period, the updated demand rates are
added to the collected demand rate profile. Fig. 4 shows the
flow chart of predicting the optimal base-stock level by
incorporating the Box-Jenkins approach with the ABCOO
algorithm.

Apply Box-Jenkins
approach to determine

ARIMA(p,d,q)

Collect past demand
rate ttt ),(λ

Add actual demand
rate )( tt λ

Forecast demand rate
)( tt λ



Consume to run
ABCOO algorithm

Forecast base-stock
level ))(̂( tt λx

S TA R T

END

Update time
to tt 

t

Forcast
finished?

No

Yes

Fig. 4. Flow chart of predicting the optimal base-stock level.

IV. TEST RESULT AND COMPARISON

A. Test Result of Steady Demand Rates
The computational efficiency and solution quality of the

proposed algorithm were tested using three queuing models:
M/M/1/Ki, Er/Er/1/Ki (E = Erlang), and W/W/1/Ki (W =
Weibull). In the M/M/1/Ki model, the probability density
functions (pdf) of the demand inter-arrival time and production
time for the exponential distribution are te  and te  ,
respectively, where denotes the demand rate and denotes
the production rate. In the Er/Er/1/Ki model, the pdf of the
demand inter-arrival time and production time for the Erlang

distribution are t

A

et A
A





 


1

)!1(
and t

s

et s
s





 


1

)!1(
,

respectively, where
A and

s denote the shape parameters. In

the W/W/1/Ki model, the pdf of the demand inter-arrival time
and production time for the Weibull distribution are

AAA t
A et

 )(1  and sss t
s et

 )(1  , respectively, where A
and

s denote the shape parameters. Test results were

compared under four lot-sizing policies: exhaustive, gated,
limited and time-limited [28].

The common parameters of the FSBS system in test were
based on the cyclic server problem provided in [Chap. 7, 14],
which were stated as follows: 12J , 20 , 03.0 and

42 10 . The demand rates and buffer sizes were 1j
product/minute and 20jK for 12,,1j , respectively. The

holding cost and backlogging cost were 1j and 50j for

all queues
jQ , respectively. In the Er/Er/1/Ki model, the shape

parameters A and
s were set to 2. When the scale parameter

equals 2, the Erlang distribution simplifies to the chi-squared
distribution. In the W/W/1/Ki model, the shape parameter A
and

s were set to 0.5. When the shape parameter equals 0.5,

the Weibull distribution becomes a steeply declining curve.

Remark 1: There is a parameter, the demand rate λ, that may
fluctuate more than the other parameters in performance of the
SELSP. To assess the influence of the parameter λ, a
sensitivity analysis on the simulation model output can be
performed. The goal of sensitivity analysis is to show the
robustness of the optimal solution to the deviation of the
parameter λ. The methodology for sensitivity analysis is to
simulate the proposed algorithm based on the Ordered
Performance Curves (OPCs) [Chap. 2, 14] in the OO theory,
derived from the considered problem and the employed
stochastic simulation procedure. To proceed with the
sensitivity analysis, we need to (i) characterize the input/output
behavior of the stochastic simulation model of the FSBS
system, (ii) investigate the range of the OPCs for (3), and (iii)
simulate the ABCOO algorithm based on themodel’s structure
and OPCs. Due to page limitation, we omit the systematic
investigation of the reaction for the simulation responses to
extreme values of the model’s input or drastic changesin the
model’s structure.However, interested readers may refer to
[16], [18]. This systematic investigation for sensitivity analysis
is not limited to the SELSP and can be applied to any other
stochastic simulation optimization problem.

To perform Step 1 of the ABCOO algorithm, an SVR-based
surrogate model must be constructed to estimate the
approximate objective value )(xF for a given x . The system
condition was the demand rates for the 12 products, i.e., 1j ,

1, ,12j   . For a given system condition, the SVR-based
surrogate model was trained by randomly selecting M(=9604)
x vectors from the discrete solution space  and then
evaluating the corresponding )(xaF of each selected x by

using the accurate model. The sample size M(=9604) for the
discrete solution space  with 12| | 20 was determined by
the sample size equation, which considers the finite population
correction factor with a confidence level of 95% and a
confidence interval of 1% [34]. The above M(=9604) pairs of
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( x , )(xaF ) were used as the input and output pairs to train the

SVR-based surrogate model. The default value of 0.05 was
used for precision. The radius of the Gaussian kernel 
was manually optimized to a value of 0.3 for the training data,
which was obtained by continually updating the Gaussian
radius and running the SVR algorithm until the root mean
square error (RMSE) approached the minimum. Once the
SVR-based surrogate model was trained, the approximate
objective value )(xF of a given x was estimated from the
output of the SVR-based surrogate model.

With the above SVR-based surrogate model, it is ready to
apply Step 2 to select )1000(N candidate solutions from .
Generally, large values of N and

sC can obtain high quality

solutions; however, the expense is computing time. Therefore,
the first concern regarding the selection of the above
parameters is the computing budget. In the OO theory, the size
of the representative set is usually 1000. According to [14], a
set size of 1000 is sufficient to represent a huge solution space.
Thus, the size of the set of N candidate solutions was set to
1000. Since the value of food sources 2sC must exceed the

size of the set of N candidate solutions, we set NCs 22  .

After fixing  at the current vector of demand rates,
)2000(2 sC food sources were randomly generated as the

initial population. Thus,
oe NN  =2000 and

maxr =24000 were

used in the integer ABC approach. The SVR-based surrogate
model assisted the calculation of the fitness value for each
solution. After

max (=500) cycles of the integer ABC approach,

the final 2000 solutions were ranked based on their fitness
values. Then we selected the top )1000(N solutions, which
were served as the candidate solutions needed in Step 4. The
ABC was stopped when the iterative process had reached the
pre-specified number of cycles

max (=500), whose value was

based on the empirical experience. Empirical result revealed
that 500max  was the lowest number of cycles that yield a

stationary best-so-far fitness.
As indicated in [35], the stochastic simulation of shorter

length is an approximate model for the lengthy stochastic
simulation. Thus, the initial number of cumulative products

0L
was 1200 in Step 3. Since 6102.1 aL in the accurate model,

the number of subphases determined by (14) was 6s .
In Step 4, the )(xF of each candidate solution x was

calculated by the more refined surrogate model. For subphase
1i to 5, the stochastic simulation based on Fig. 2 was

performed by setting
pdL to 1200 i

i eL to estimate the )(xF

of the corresponding 1/1000  i
i eN critical solutions. These

iN critical solutions were then ranked according to their )(xF ,

and the prior ie/1000 solutions were selected as the critical
solutions for the ( 1i )th subphase. In Step 5, a lengthy
stochastic simulation based on Fig. 2 was performed by setting

pdL to 6102.1 aL to compute )(xaF for each of the seven

critical solutions retained in Step 4. Of the seven critical
solutions, the one associated with the smallest objective value

was considered the good enough solution. Table I shows the
number of critical solutions and cumulative products in each
subphase.

Due to the random nature of the considered problem and the
ABC approach, 30 macroreplications (complete repetitions of
the entire experiment) were performed to check consistency.
However, to simplify the discussion, only the test results of the
first macroreplication are discussed. Table II shows the good
enough base-stock levels, the corresponding total expected
costs obtained and the CPU times consumed by the proposed
algorithm of three models in the first macroreplication. The last
column of Table II shows that the CPU times for the three
models are all within 3 minutes, which is sufficient for real-
time application. It should be noted that all test results were
simulated in a Pentium IV PC with 2.66GHz processor and
2GB RAM.

The exhaustive, gated, limited, and time-limited (a timer
whose value was exponentially distributed with mean=2.88
minutes) lot-sizing policies were applied 30 macroreplications
associated with the accurate model for the same FSBS system.
Table III shows the mean total expected costs with four lot-
sizing policies in three models of 30 macroreplications. The
percentages of mean total expected costs saved by the
proposed method with respect to the four lot-sizing policies are
also shown in Table III. Clearly, the proposed method
drastically outperforms the four lot-sizing policies.

TABLE I
NUMBER OF CRITICAL SOLUTIONS AND CUMULATIVE PRODUCTS IN EACH

SUBPHASE.

Subphase i 1 2 3 4 5 6

iN 1000 368 135 50 18 7

iL 3262 8866 24103 65518 178096 6102.1 

TABLE II
THE GOOD ENOUGH BASE-STOCK LEVELS, THE CORRESPONDING TOTAL

EXPECTED COSTS, AND THE CPU TIMES CONSUMED BY THE PROPOSED METHOD
OF THREE MODELS IN THE FIRST MACROREPLICATION.

Good enough base-stock level
Model

x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12

Total
expected

cost

CPU
times
(min.)

M/M/1/Ki 13 12 13 9 10 8 12 13 9 8 12 10 21.27 2.82
Er/Er/1/Ki 8 9 8 9 11 10 8 8 11 10 9 13 47.89 2.89
W/W/1/Ki 13 13 8 10 10 9 13 9 10 9 11 8 29.11 2.97

TABLE III
COMPARISON OF THE MEAN TOTAL EXPECTED COSTS WITH FOUR LOT-SIZING

POLICIES IN THREE MODELS OF 30 MACROREPLICATIONS.

†MTEC: mean total expected costs
§ : mean total expected costs obtained by the proposed approach

Since the performance of ABC actually outperformed the
ES, GA and PSO [21]-[22], the merits of the proposed
algorithm were further demonstrated by using (,)-ES, GA

M/M/1/Ki Er/Er /1/Ki W/W/1/KiLot-sizing
policy MTEC† %100

*
- §


MTEC

MTEC † %100
*

- §


MTEC

MTEC † %100
*

- §


MTEC

ABCOO 21.74 0% 47.12 0% 29.85 0%
exhaustive 36.07 65.90% 80.55 70.94% 47.67 59.66%

gated 39.95 83.73% 93.71 98.87% 50.69 69.79%
limited 44.06 102.65% 108.67 130.63% 62.55 109.52%

time-limited 51.42 136.52% 138.62 194.18% 75.52 152.98%
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and PSO associated with the accurate model to solve (3) for
the M/M/1/Ki model. The parameters employed in (,)-ES,
GA and PSO are described below. For (,)-ES, parent size
was set to =2000, offspring size was set to =4000, and the
mutated time constant was set to 1 12 . The GA used a
population size of 2000, a single-point crossover scheme with
a crossover rate of 0.7, a mutation rate of 0.02, and roulette
wheel selection. In PSO, the population size was 2000, both
the cognitive parameter and social parameter were 2.05, the
inertia factor was 1, and the maximum allowable velocity was
0.5. The fitness of the three methods was evaluated by the
accurate model. Again, each method was executed 30
macroreplications. Due to the time-consuming search process,
each method was terminated when the CPU time exceeded 200
minutes, which was approximately 67 times longer than the
CPU time consumed by the proposed algorithm.

Remark 2: The population sizes of (,)-ES, GA and PSO were
the same to ABC. For (,)-ES, typical truncation ratios 
in strategies with comma-selection in huge solution space were
in the range from 1/7 to 1/2. In this work, was set to double
of  , i.e.,  =2  . Empirical as well as theoretical
investigations suggest choosing the mutated time constant to be
1 J . For GA, the crossover rate and the mutation rate were
typical values for most application. For PSO, the cognitive
parameter, social parameter, inertia factor, and maximum
allowable velocity were default values.

Fig. 5 shows the progression of the average best-so-far total
expected costs and some error bars resulted from 30
macroreplications of the four methods with respect to the
consumed CPU times. The progression marked by “”, “”
and “”in Fig. 5 is obtained by the (,)-ES, GA and PSO
associated with the accurate model, respectively. The point
marked by“” in Fig. 5 represents the average total expected
cost and the consumed CPU time obtained by the ABCOO. Fig.
5 shows that, although the (,)-ES with the accurate model
requires a 67-fold longer CPU time compared to the ABCOO,
the (,)-ES still obtains a much higher best-so-far average
total expected cost. Similar conclusions apply to the GA and
PSO associated with the accurate model. The data in Table III
show that, although the average total expected costs obtained
by the by (,)-ES, GA and PSO associated with the accurate
model are worse than those obtained by the proposed method,
they are still better than those obtained by the four lot-sizing
policies. This confirms the superiority of the quantity-limited
lot-sizing policy.

Table IV shows the statistics of the resulted total expected
cost over 30 macroreplications for the four methods. The best
total expected cost obtained by the proposed method is 20.45.
In the ABCOO, the mean, standard deviation and standard
error in total expected cost obtained over 30 macroreplications
are 21.74, 0.42 and 0.08, respectively. Slight standard error in
Table IV means whatever the initial population is, the output of
the proposed method is mostly surrounding the average value
or in equivalence often near the best solution out of all
experiments. Thus, the proposed method can often yield a

solution that is near optimal even if it is not globally optimal.
Because of the limited execution times of the (,)-ES, GA
and PSO associated with the accurate model, the standard
errors obtained by these methods exceed that obtained by the
ABCOO. Test results also reveal that, although the CPU times
in these methods are 67 times that of the proposed method, the
mean total expected cost obtained by the ABCOO is still
54.92%, 35.83% and 42.09% smaller than those obtained by
the (,)-ES, GA, and PSO with the accurate model,
respectively. These results further confirm the good
computational efficiency and solution quality of the proposed
approach.

Fig. 5. Progression of the average best-so-far total expected costs and some
error bars resulted from 30 macroreplications of the four methods with respect
to the consumed CPU times.

TABLE IV
STATISTICS OF THE TOTAL EXPECTED COST OVER 30 MACROREPLICATIONS

USING FOUR METHODS.

Max. Min. MTEC† Std. dev. Std. err. %100
*

- §


MTEC

ABCOO 22.92 20.45 21.74 0.42 0.08 0
(,)-ES with

accurate model
36.41 30.96 33.68 1.25 0.23 54.92%

GA with
accurate model 32.22 26.59 29.53 0.93 0.17 35.83%

PSO with
accurate model 34.16 28.73 30.89 1.09 0.20 42.09%

†MTEC: mean total expected cost
§ : mean total expected cost obtained by the proposed approach

B. Test Results of Variant Demand Rates
This section describes the use of the M/M/1/Ki model to test

the performance of variant demand rates in the FSBS system.
Fig. 6 shows a typical variant demand rates for two weeks. The
typical demand rate of a queue was times the demand rate
shown in Fig. 6, where was randomly chosen from the set

}91.0,84.0,16.1,03.1,96.0,87.0,09.1,17.1,12.1,05.1,98.0,00.1{ .
For each queue, 4 weeks of demand rate data were prepared in
the following manner. Starting from queue

1Q ,  was
randomly chosen from set  and multiplied by the demand
rate shown in Fig. 6. Every 3 minutes, noise with a uniform
distribution in the range [-0.1,0.1] was generated and added to
the demand rate. The above procedures were then repeated
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starting with queue 2Q .
Let t denote the current time and the database was assumed

to contain data for the past demand rate up to the current time.
That is )(tλ

(q

, tt  , were given in advance. Since the

computation time of the ABCOO algorithm was within 3
minutes, the time units for executing the proposed algorithm
was set to 3t . Application of the Box-Jenkins approach as
described in Section III.E showed that all models for the 12
sets of 4-week demand rate data were identified as
ARIMA(2,0,1) with appropriate coefficients of 1, 2 and 1.
This model was then used to predict )3(̂ tλ at the time point

3t .

Fig. 6. Typical demand rate for two weeks.

To test the performance of variant demand rates,
simulations were performed using three cases of demand rates:
(i) rate with prediction )3(̂  tλλ , (ii) actual rate )3(  tλλ ,
and (iii) rate without prediction )(tλλ . After setting

))3(̂( tλx , ))3(( tλx , and ))(( tλx as the base-stock levels
obtained by the ABCOO algorithm for three cases, the accurate
model was used to compute the corresponding )))3(̂((a tF λx ,

)))3(((a tF λx , and )))(((a tF λx , respectively. Note that

)))3(̂((a tF λx denotes the objective value with prediction,

)))(((a tF λx denotes the objective value without prediction, and

)))3(((a tF λx denotes the objective value of actual case.

Table V shows the average and percentage of deviation in
the objective value for one week of testing data. One week
consists of 3360 three-minute time points. The first three rows
in Table V show the average )))3(̂((a tF λx , )))3(((a tF λx ,

and )))(((a tF λx over one week, where )(xi
aF denotes the

objective value of the i th time point for the corresponding x .
The fourth and fifth rows show the percentage of deviations in
the objective value obtained with and without prediction
between the predicted value and actual value, respectively. The
data in these two rows show that the average objective value
without prediction is 12.51% worse than the actual value while
the case with prediction achieves an average objective value

3.92% worse than the actual value. This confirms that
incorporating the Box-Jenkins approach with the ABCOO
algorithm is applicable in real-time FSBS system with quantity-
limited lot-sizing policy.

TABLE V
AVERAGE AND PERCENTAGE OF DEVIATION OF THE OBJECTIVE VALUE OVER 1

WEEK OF TESTING DATA.
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V. CONCLUSIONS

In this work, we have presented an algorithm that combines
the ABC approach and OO theory to solve a computationally
intractable SELSP for a sub-optimal solution within a
reasonable computation time. The proposed algorithm
combines the advantage of multi-directional search in ABC
with the advantage of goal softening in OO. The SELSP is
formulated as a fixed-sequence base-stock system with
quantity-limited lot-sizing policy, which is a stochastic
simulation optimization problem with huge discrete solution
space. A time series forecasting technique is then used to
predict the variant demand rates needed to solve time-lag
problems of the proposed algorithm. We have demonstrated
the superiority of the proposed algorithm in the relative
performance and the absolute performance using extensive
simulations. As a consequence, the proposed algorithm could
be considered as a very efficient and robust optimization
algorithm. Test results also show that the forecasting technique
considerable improves performance and confirms the real-time
applicability of the proposed algorithm. Above all, the
proposed algorithm is equally applicable to other stochastic
simulation optimization problems that require lengthy
computation time to evaluate the performance of a solution.
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