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Abstract: This paper examines the development and application of a hybrid genetic 

algorithm to the open shop scheduling problem.  The hybrid algorithm incorporates a local 

improvement procedure based on tabu search into a basic genetic algorithm.  The 

incorporation of the local improvement procedure enables the algorithm to perform genetic 

search over the subspace of local optima.  The algorithm is tested on randomly generated 

problems, and benchmark problems from the literature.  Computational results show that the 

hybrid genetic algorithm is able to find an optimum solution for all but a tiny fraction of the 

test problems.  Some of the benchmark problems in the literature are solved to optimality for 

the first time.  Moreover, the results are compared to those obtained with list scheduling 

heuristic, insertion heuristic, simulated annealing and pure tabu search algorithms.  The 

hybrid genetic algorithm significantly outperforms the other methods in terms of solution 

quality. 
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1. Introduction 

The open shop scheduling problem is similar to the job shop scheduling problem with the 

exception that there are no precedence relations between the operations of each job.  The 

open shop scheduling problem has a considerably larger solution space than the job shop 

scheduling problem, and seems to receive less attention in the literature, although it is an 

important and universal problem.  This paper addresses the open shop scheduling problem.  

The problem of minimizing the makespan in an open shop, or O|| Cmax  in the classification 

of Graham et al. [18], can be stated as follows: there is a set of n jobs that have to be 

processed on a set of m machines.  Every job consists of m operations, each of which must 

be processed on a different machine for a given amount of time.  The operations of each job 

can be processed in any order.  At any time, at most one operation can be processed on each 

machine, and at most one operation of each job can be processed.  In this paper, we consider 

only nonpreemptive cases: all operations must be processed without interruption.  The 

problem is to find a schedule of the operations on the machines that minimizes the makespan 

( Cmax ), that is, the time from beginning of the first operation until the end of the last 

operation. 

When m=2, a polynomial time algorithm is proposed by Gonzalez and Sahni [17].  

Recently, Pinedo [28] presents another simple dispatching rule LAPT (Longest Alternate 

Processing Time first) which also solves this problem in polynomial time.  It is shown that 

for m≥3, the open shop scheduling problem is NP-complete (Gonzalez and Sahni [17]).  

Brucker et al. [7] develop a branch and bound algorithm for the general m-machine problem.  

However, some open shop problems with special structures are still polynomially solvable.  

For example, Fiala [33] gives a polynomial time algorithm, which solves the problem for 

arbitrary m, whenever the sum of processing times for one machine is greater than or equal to 

the maximal processing time multiplied by a certain constant.  Adiri and Aizikowitz [2] 

present a linear time algorithm for the three-machine open shop problem, provided that there 
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is a machine dominating one of the other two.  A machine X is said to dominate a machine Y 

if for each job i the processing time of job i on machine X is greater than or equal to the 

processing time of job i on machine Y.  Algorithms for arbitrary m-machine problems with 

one or two dominating machines are proposed by Strusevich and summarized in Tanaev et al. 

[38], where a machine is called dominating if it dominates all the remaining machines. 

As far as heuristics are concerned, there are only few heuristic procedures for the general 

m-machine open shop problem published in the literature.  Rock and Schmidt [31] introduce 

a machine aggregation algorithm based on the result that the two-machine cases are 

polynomially solvable.  Some more promising methods focus on so-called dense schedules.  

An open shop schedule is said to be dense if no machine is idle unless there is no operation 

which is ready to be processed on that machine.  It has been shown by Aksjonov [3] and 

Shmoys et al. [35] that the worst case performance ratio for any dense open shop schedule is 

2.  For the case m=3, Chen and Strusevich [8] propose a linear time algorithm that 

transforms a dense schedule into a new schedule such that the makespan of the best of these 

two is at most 3/2 times worse than the optimal value.  Brasel  et al. [6] develop efficient 

constructive insertion algorithms based on an analysis of the structure of a feasible 

combination of job and machine orders.  Gueret and Prins [19] present list scheduling 

heuristics with two priorities for each operation, and matching heuristics which are followed 

by a local search improvement procedure.  Liaw [22] introduces an iterative improvement 

approach based on Benders’ decomposition technique.  Recently, some local search based 

heuristics have been developed to solve the open shop problem, including tabu search 

(Alcaide et al. [4] and Liaw [23]), genetic algorithm (Fang et al. [11]), and simulated 

annealing (Liaw[24]). 

In this paper, we develop a powerful hybrid genetic algorithm (HGA) that incorporates 

tabu search (TS) as a local improvement procedure into a basic genetic algorithm.  The 

incorporation of the local improvement procedure enables the algorithm HGA to perform 
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genetic search over the subspace of local optima.  We evaluate the performance of HGA by 

means of 70 randomly generated problems, and 87 benchmark problems from the literature.  

Computational results show that HGA performs extremely well; it finds an optimum solution 

for all but a tiny fraction of the test problems.  Some of the benchmark problems are solved 

to optimality for the first time.  Moreover, we compare the performance of HGA on 

benchmark problems to that of the longest processing time (LPT) list scheduling heuristic, the 

insertion heuristic in [6], the simulated annealing algorithm in [24] and the pure TS algorithm 

in [23], and find that HGA significantly outperforms the other methods in terms of solution 

quality. 

The rest of this paper is organized as follows.  Section 2 gives a representation of the 

open shop problem in terms of graph theory.  In section 3, we present the hybrid genetic 

algorithm HGA.  A detailed description of the local improvement procedure based on TS is 

given in section 4.  The results of computational experiments are provided in section 5, and 

concluding remarks are given in section 6. 

2. Problem formulation 

It is convenient to represent the open shop problem by using the disjunctive graph model 

due to Roy and Sussmann [32].  In the disjunctive graph model, there is a node for each 

operation.  The nodes are numbered from 1 to N, where N=m× n is the total number of 

operations.  Additionally, there are two dummy nodes, node 0 and node N+1, representing 

the start and end of a schedule, respectively.  For each pair of operations {i, j} that belong to 

the same job there are two arcs (i, j) and (j, i) with opposite directions.  Similarly, for each 

pair of operations {i, j} that require the same machine there are two arcs (i, j) and (j, i) with 

opposite directions.  The opposite directed arcs between two operations define a disjunctive 

arc pair and represent the fact that each machine can process at most one operation at the 

same time and each job can be processed on at most one machine at the same time.  Each 
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arc (i, j) has a length di  corresponding to the duration of operation i.  Finally, for each 

node i, i=1, 2,.., N, there exist an arc (0, i) of length 0 and an arc (i, N+1) of length di . 

A feasible schedule is obtained by selecting one arc among all disjunctive arc pairs such 

that the resulting graph is acyclic.  The problem is to select one arc among all disjunctive arc 

pairs such that the resulting graph is acyclic and the length of the longest path from node 0 to 

node N+1, i.e., the critical path, is minimized. 

Given a feasible schedule, the corresponding acyclic graph can be easily constructed.  If 

the redundant arcs are removed, every operation, except the nodes 0 and N+1, has at most 

two immediate predecessors and at most two immediate successors.  A critical path in the 

graph contains an ordered sequence of operations.  Furthermore, it can be decomposed into 

subsequences of operations, called blocks.  A block is a maximal subsequence of operations 

that contains operations of the same job or processed on the same machine.  Note that a 

block must have at least two operations, and for any two adjacent blocks one block consists 

of operations of the same job and the other block consists of operations processed on the 

same machine.  Figure 1 shows an example of the acyclic graph of a feasible schedule and 

the corresponding critical path for a 3-machine 3-job problem.  In this example the critical 

path 0-1-4-5-6-9-10 decomposes into 3 blocks: 1-4, 4-5-6, and 6-9.  Block 1-4 consists of 

operations of job 1; block 4-5-6 consists of operations processed on machine 2, and block 6-9 

consists of operations of job 3. 

 

Insert Figure 1 here.

 

We now introduce additional notations.  Following Taillard [36], for each operation i, i=1, 

2,.., N, let 

M i = machine which processes i. 

J i = job to which i belongs. 
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PM(i) = operation processed on machine M i  just before i, if it exists. 

SM(i)= operation processed on machine M i  just after i, if it exists. 

PJ(i) = operation of job J i  that precedes i, if it exists. 

SJ(i) = operation of job J i  that follows i, if it exists. 

ei = length of a longest path from node 0 to node i. 

li = length of a longest path from node i to node N+1, excluding di . 

An operation i is said to be critical, i.e., belongs to a critical path, if and only if 

e d l Ci i i max+ + = .  Note that the following conditions hold for every operation i: 

e max e d e di PM i PM i PJ i PJ i= + +{ , }( ) ( ) ( ) ( )  

l max l d l di SM i SM i SJ i SJ i= + +{ , }( ) ( ) ( ) ( )  

where ei , di  and li =0 for undefined indices i.  The values of ei  and li  for each 

operation i can be computed using the algorithm of Bellman [5]. 

3. A hybrid genetic algorithm (HGA) 

Genetic algorithms (GAs) are general search techniques based on the mechanism of natural 

selection and genetics.  Ever since its introduction by Holland [20], GAs have been 

successfully applied to a wide variety of optimization problems [12, 15, 30].  Unlike local 

search algorithms such as SA and TS, which are based on manipulating one feasible solution, 

GAs maintain and manipulate a population of feasible solutions (chromosomes).  A 

chromosome is made of genes which are its features or characters.  These chromosomes are 

altered or modified using genetic operators that mimic the principles of evolution and 

hereditary through which a new population is created.  The process is repeated until a 

prespecified termination condition is satisfied. 

Although GAs have proved to be a versatile and effective search technique for solving 

optimization problems, there are still many situations where the simple GA does not perform 

particularly well.  Therefore, various strategies of hybridization have been suggested (see 
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e.g. [21, 25, 26, 29, 39]).  These usually involve incorporating conventional heuristics (such 

as SA or TS) as a local improvement procedure into the basic GA.  One of the commonly 

used forms of a HGA is to incorporate a local improvement procedure as an add-on extra to 

the basic GA loop of recombination and selection.  That is, local improvement procedure is 

applied to each newly generated offspring to move it to a local optimum before inserting it 

into the population.  In this manner, GAs are used to perform global exploration among a 

population, while local improvement procedures are used to perform local exploitation 

around chromosomes.  Due to the complementary properties of GAs and local improvement 

procedures, a HGA usually outperforms either method operating alone. 

  The general structure of the HGA adopted in this paper is described as follows: 

Step 1. Initialization: Construct an initial population of pop_size solutions. 

Step 2. Improvement: Apply the local improvement procedure to replace each solution with 

a local optimum one. 

Step 3. Recombination: Recombine the solutions in the current population using genetic 

operators, crossover and mutation, to generate offspring. 

Step 4. Improvement: Apply the local improvement procedure to replace each offspring with 

a local optimum one. 

Step 5. Selection: Select pop_size solutions from the solutions in the current population and 

the new solutions generated in Step 4 to form the next generation. 

Step 6. Iteration: Repeat Steps 3 to 5 until an optimum solution is found or the maximum 

number of generations, max_gen, is reached. 

3.1.  Chromosome representation 

An important issue in applying a GA is to design an appropriate chromosome 

representation of solutions of the problem together with genetic operators so that all 

chromosomes generated during the evolutionary process will produce feasible solutions.  In 
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this paper, we propose an operation-based chromosome representation for the open shop 

scheduling problem.  This representation encodes a schedule (solution) as an ordered 

sequence of operations, where each gene stands for one operation.  In this representation, 

operations are listed in the order in which they are scheduled.  Following the notations in 

section 2, a chromosome in this representation is just a permutation of the numbers from 1 to 

N, like the permutation representation for the traveling salesman problem (TSP). 

Given a chromosome, the actual schedule is deduced as follows.  The first operation in 

the chromosome is scheduled first, and then the second operation in the chromosome is 

considered, and so on.  Each operation under consideration is allocated to the earliest 

available position on the corresponding machine the operation requires.  This process is 

repeated until all operations in the chromosome are scheduled.  It can be seen easily, the 

actual schedule generated in this manner is guaranteed to be an active schedule, that is, no 

operation can be processed earlier without delaying another operation. 

3.2.  Initial population 

The initial population can be generated randomly.  However, our experiments have shown 

that seeding the initial population with a high-quality solution, obtained by some 

problem-specific heuristic, can help the algorithm HGA find better solutions quickly.  In our 

implementation, one solution in the initial population is generated with the DS/LTRP 

heuristic proposed in [22], while the remaining ones are generated by the Giffler/Thompson 

algorithm [13] for generating active schedules with ties broken randomly.  Whenever during 

the execution of the Giffler/Thompson algorithm a choice point is reached, where a next 

operation has to be selected, one of the schedulable operations is selected randomly.       

3.3.  Selection 

The selection scheme in a GA determines which solutions in the current population are to 

be selected for recombination, and how the next population of solutions is created.  It directs 
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a GA search toward promising regions in the search space.  Many selection schemes have 

been proposed for various problems [12].  In this paper, we adopt the following selection 

scheme which is a modification of the “2/4 selection” developed by Shi [34]. 

Step 1. Select the best solution in the current population and insert it directly into the next 

population (Elitist strategy). 

Step 2. Randomly select two different solutions from the current population with equal 

probability. 

Step 3. Apply genetic operators, crossover and mutation, to the two solutions, which results 

in two new offsprings. 

Step 4. Apply the local improvement procedure to replace each offspring with a local 

optimum solution, which results in two new solutions. 

Step 5. Put the two old solutions and the two new solutions together and select the better 

two with different makespans if possible. 

Step 6. Insert the two solutions selected in Step 5 into the next generation. 

Step 7. Repeat Steps 2-6 until the next population is full. 

Note that in this selection scheme, the elitist strategy is used (Step 1) and inferior solutions 

are eliminated only through newborn superior solutions.  Therefore, both the best and worst 

makespans of the solutions in the population at each generation are non-increasing.  Initial 

tests show that this selection scheme significantly accelerates the convergence of the 

algorithm HGA. 

3.4.  Crossover and mutation 

Crossover operates on two parent solutions at a time and generates offspring solutions by 

recombining both parent solutions’ features.  If “good” features of different solutions are 

properly combined, the offspring solutions generated may have even better features.  In our 

implementation, a solution is encoded as a permutation of numbers from 1 to N, like the TSP, 
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and hence all the crossover operators proposed for the TSP can be applied. 

The crossover operator used in the algorithm HGA is the linear order crossover LOX.  We 

have tried several other crossover operators in initial tests including partially mapped 

crossover (PMX), order crossover (OX), cycle crossover (CX), order-based crossover, and 

position-based crossover, and found that the crossover LOX works best for the problem under 

consideration.  Crossover LOX, initially suggested by Falkenauer and Bouffouix [10], 

works as follows:  

Step 1. Select a subsequence of operations from one parent at random. 

Step 2. Produce a proto-offspring by copying the subsequence into the corresponding 

positions of it. 

Step 3. Delete the operations which are already in the subsequence from the second parent.  

The resulted sequence of operations contains the operations that the proto-offspring 

needs. 

Step 4. Place the operations into the unfixed positions of the proto-offspring from left to 

right according to the order of the sequence to produce an offspring. 

This procedure is illustrated in Figure 2.  It gives an example of producing one offspring.  

With the same step, we can generate the second offspring as ( 2 4 3 9 1 6 5 7 8 ) from the 

same parents.  Crossover LOX tries to preserve as much as possible both the relative 

positions between genes and the absolute positions relative to the extremities of parents.  

The extremities correspond to the high- and low-priority operations. 

 

Insert Figure 2 here.

  

Mutation operates on one parent solution and generates an offspring solution by randomly 

modifying the parent solution’s features.  It helps to preserve a reasonable level of 

population diversity, and provides a mechanism to escape from local optima.  Several 
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mutation operators have been proposed for permutation representation, such as inversion, 

insertion, displacement, and swap mutations.  In this paper we adopt both the insertion 

mutation, where we select an operation at random and then insert it into a random position, 

and the swap mutation, where we select two positions at random and then swap the 

operations in these positions.  A selected solution is mutated by one of the two mutation 

operators with equal probability. 

The selection scheme given above can be viewed as a contractive sieve mechanism in the 

sense that the makespan of any finally selected solution cannot be larger than the makespans 

of the two parent solutions.  In order to take advantage of this merit extensively, this paper 

employs the same genetic recombination strategy as that in [34].  In each generation every 

selected pair of parent solutions must pass at least one genetic operation and the selection, no 

pair can directly enter into the next generation.  The structure of this genetic recombination 

strategy is as follows, where Random is a function returning a random real in [0, 1]. 

  If Random < pc then {Apply crossover, after a possible mutation} 

     If Random < pm then mutate Parent 1 

     If Random < pm then mutate Parent 2 

     Apply crossover to Parent 1 and parent 2 giving Offsprings 1 and 2 

  Else {Create the offsprings by mutation only} 

     Mutate Parent 1 giving Offspring 1 

     Mutate Parent 2 giving Offspring 2 

  Endif. 

Each pair of selected parent solutions must pass either crossover or mutation, which are 

deployed in parallel.  In the inner structure of crossover, mutation is partially embedded.  

More precisely, before the two parent solutions crossover, they mutate independently with 

probability pm.  We remark that both the independent mutation and the embedded mutation 
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are performed in the same way as described previously. 

4. A local improvement procedure 

Our local improvement procedure is based on a basic TS method.  This TS method is 

similar to the TS algorithm presented in Liaw [23] with the exception that both the restarting 

and back jump tracking strategies are disabled.  TS, initially developed by Glover [14], is an 

iterative improvement approach for solving optimization problems.  More refined versions 

and a large number of successful applications of this approach can be found in [15].  The 

basic idea of TS is as follows.  At first, a function which transforms a solution into another 

solution is defined.  Such a function is usually called a move.  For any solution s, a subset 

of moves applicable to it is defined.  This subset of moves generates a subset of solutions 

NH(s), called the neighborhood of s.  Starting from an initial solution, TS iteratively moves 

from the current solution s to the best solution s* in NH(s), even if s* is worse than the 

current solution s, until a superimposed stopping criterion is satisfied.   

In order to avoid cycling to some extent, moves which would bring us back to a recently 

visited solution should be forbidden or declared tabu for a certain number of iterations.  This 

is accomplished by keeping the attributes of the forbidden moves in a list, called tabu list.  

The size of the tabu list must be large enough to prevent cycling, but small enough not to 

forbid too many moves.  Whenever a move from a solution to its best neighbor is made, the 

attributes associated with the inverted move are added to the end of the tabu list and the “old” 

elements of the tabu list are removed if it is overloaded.  Additionally, an aspiration 

criterion is defined to deal with the case in which an interesting move (such as a move that 

leads to a new best solution) is tabu.  If a current tabu move satisfies the aspiration criterion, 

its tabu status is canceled and it becomes an allowable move.   

For computational reasons, the TS procedure in run only for a small number of iterations 

each time a local improvement step is executed.  We now describe in detail the structural 
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elements that have been used in the TS procedure. 

4.1.  Neighborhood  

We define a neighborhood structure based on blocks of operations on a critical path.  

Given a feasible solution, a single critical path is arbitrarily selected.  We consider the 

reverse of arc (i, j) where either i is the first or j is the last operation in a block that belongs to 

the critical path.  These arcs are called basic arcs.  Moreover, for each basic arc (i, j) where 

both i and j are operations processed on the same machine, the arcs (PJ(j), j) and (i, SJ(i)) are 

also checked to see if reversing one or both of them and (i, j) at the same time can produce a 

better solution.  Similarly, for each basic arc (i, j) where both i and j are operations of the 

same job, the arcs (PM(j), j) and (i, SM(i)) are also checked to see if reversing one or both of 

them and (i, j) at the same time can produce a better solution.   

More precisely, for each basic arc (i, j) where both i and j are operations processed on the 

same machine, we consider the following possible moves: (1) reverse arc (i, j) only; (2) 

reverse simultaneously arcs (i, j) and (PJ(j), j); (3) reverse simultaneously arcs (i, j) and (i, 

SJ(i)); and (4) reverse simultaneously arcs (i, j), (PJ(j), j) and (i, SJ(i)).  Likewise, for each 

basic arc (i, j) where both i and j are operations of the same job, we consider the following 

possible moves: (1) reverse arc (i, j) only; (2) reverse simultaneously arcs (i, j) and (PM(j), j); 

(3) reverse simultaneously arcs (i, j) and (i, SM(i)); and (4) reverse simultaneously arcs (i, j), 

(PM(j), j) and (i, SM(i)). 

To estimate the effects of the moves defined above, we use an approach similar to that in 

[9].  That is, for each possible new solution s* generated from solution s, we compute the 

exact value of the critical path in s* which contains at least one of the nodes involved in the 

inversion of the arcs.  This value, therefore, provides a lower bound on the value of the new 

solution.  Note that a move which involves the reversion of more than one arc at the same 

time may create a directed cycle in the graph, i.e., an infeasible solution.  To perform an 
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exact feasibility test, the labeling algorithm described in [1] can be used.  However, for 

computational reasons, we adopt the same strategy as that in [9].  This test can prevent the 

generation of infeasible solutions, but it forbids feasible moves too.  However, the feasible 

moves eliminated by this test are not improving ones and hence the probability that they 

would be accepted is very small. 

In the following we describe the procedures for evaluating the move which involve 

reversing simultaneously arcs (i, j), (PJ(j), j) and (i, SJ(i)), where (i, j) is a basic arc and both 

i and j are operations processed on the same machine.  The analysis for the other types of 

moves can be done in a similar manner.  Let s be a current solution and (i, j) a basic arc 

where both i and j are operations processed on the same machine.  Consider the new 

solution s* generated from s by applying the above move.  Given an operation k, let ek , 

lk  and ek
* , lk

*  be the length of a longest path from node 0 to node k and the length of a 

longest path from node k to node N+1 in schedule s and s*, respectively.  Let PM k*( )  

and SM k*( )  be the immediate predecessor and successor of operation k on machine Mk  

in schedule s*.  Similarly, let PJ k*( )  and SJ k*( )  be the immediate predecessor and 

successor of operation k among the operations of job Jk  in schedule s*.  As shown in 

Figure 3, the new values of the changed parameters can be sequentially calculated as follows: 

e max e d e dj PJ PJ j PJ PJ j PM j PM j
*

( ( )) ( ( )) ( ) ( ){ , }* *= + +  where PM j PM i*( ) ( )= . 

e max e d e dPJ j PM PJ j PM PJ j j j( )
*

( ( )) ( ( ))
*{ , }.= + +  

e max e d e dSJ i PJ SJ i PJ SJ i PM SJ i PM SJ i( )
*

( ( )) ( ( )) ( ( )) ( ( )){ , }* *= + +  where PJ SJ i PJ i*( ( )) ( )= . 

e max e d e di SJ i SJ i j j
*

( )
*

( )
*{ , }.= + +  

l max l d l di SJ SJ i SJ SJ i SM i SM i
*

( ( )) ( ( )) ( ) ( ){ , }* *= + +  where SM i SM j*( ) ( )= . 
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l max l d l dSJ i SM SJ i SM SJ i i i( )
*

( ( )) ( ( ))
*{ , }= + +  

l max l d l dPJ j SM PJ j SM PJ j SJ PJ j SJ PJ j( )
*

( ( )) ( ( )) ( ( )) ( ( )){ , }* *= + +  where 

SJ PJ j SJ j*( ( )) ( )= . 

l max l d l dj i i PJ j PJ j
* *

( )
*

( ){ , }.= + +  

Z max e d l e d l e d l e d li i i j j j SJ i SJ i SJ i PJ j PJ j PJ j= + + + + + + + +{ , , , }* * * *
( )

*
( ) ( )

*
( )

*
( ) ( )

* . 

The value Z gives the length of the new longest path which passes through at least one of 

the nodes in the set {i, j, PJ(j), SJ(i)}, and hence provides a lower bound of the makespan of 

schedule s*.  In this case, a directed cycle may be created in schedule s* if there exists a 

directed path from SM(PJ(j)) to PM(i) or from SM(j) to PM(SJ(i)) in schedule s.  Hence, this 

move is admissible only if such paths in S do not exist, i.e., e d eSM PJ j SM PJ j PM i( ( )) ( ( )) ( )+ >  

and e d eSM j SM j PM SJ i( ) ( ) ( ( ))+ > .  At each iteration, the entire neighborhood is examined 

and the best allowed neighbor is selected. 

 

Insert Figure 3 here.

 

4.2.  Search strategy  

Note that each move leading from the current solution to a new solution may involve the 

reversion of more than one arc.  For each move performed, we memorize in the tabu list the 

reverse of all arcs involved.  A move is said to be forbidden or tabu if at least one of the arcs 

involved is in the tabu list.   Let L={(i1, j1), (i2, j2),..., (imaxl, jmaxl)} be the tabu list with a 

fixed length maxl where (ik, jk), 1≤ k≤maxl, is the arc currently forbidden to be inverted.  

An arc is added to the tabu list L in the following way.  Let v be the number of arcs in L.  If 
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v< maxl, the new arc is put on the position v +1.  Otherwise, the list L is shifted to the left 

and the new arc is put on the position maxl. 

In our implementation, the following commonly used aspiration criterion is employed to 

cancel the effect of a tabu status on a move: a tabu move is allowed if its estimation is less 

than the value of the best solution found so far.  It may happen that at a certain iteration, all 

possible moves are tabu moves and none of them satisfies the aspiration criterion.  In this 

case, we adopt the following strategy similar to that in [27]: select the move which involves 

the reversion of the “oldest” arc in the tabu list L and additionally modify the tabu list L based 

on replications of the “youngest” arc in L.  That is, we repeatedly shift L to the left and add 

the element (imaxl, jmaxl) to the end of L until the move selected becomes non-tabu, where (imaxl, 

jmaxl) is the youngest arc in L.  The search process is stopped if an optimum solution is found 

or the number of iterations performed exceeds the maximum number of iteration, max_iter. 

We remark that for each final schedule obtained by the TS method, the corresponding 

chromosome is recovered by sorting the operations in non-decreasing order of their starting 

times in the final schedule.  Ties are broken arbitrarily since they correspond to the same 

schedule. 

5. Computational results 

Three sets of test problems are used to evaluate the performance of the algorithm HGA.  

The first set of problems is randomly generated.  In this set of problems, only square 

problems (n=m) are generated since such problems are harder solvable than the other ones 

[37].  The integer processing times for all operations are generated independently from a 

uniform distribution on the interval [1, 99].  This set consists of seven different problem 

types and 10 instances of each problem type are generated for a total of 70 different problems.  

Since we are unable to solve these problems optimally, the best solution found is compared 
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with the trivial lower bound value: LB max max p max p
j

iji
n

i
ijj

m= = =∑ ∑{ { { }}1 1},   where pij  

is the processing time of the operation which belongs to job i and has to be processed on 

machine j. 

The second set of test problems consists of the benchmark problems given by Taillard 

[37].  This set consists of six different problem types and 10 instances of each problem type 

are solved for a total of 60 different problems.  For each problem, the optimum makespan is 

given if it is known.  Otherwise, the lower bound value LB is provided. 

The third set of test problems consists of the benchmark problems from Brucker et al. [7].  

As pointed out by Brucker et al. [7], the benchmark problems from Taillard are not really 

‘hard’ problems, and hence they have generated new hard problems based on an analysis of 

the workload of the machines.  This set consists of three different problem types and 9 

instances of each problem type are solved for a total of 27 different problems.  For each 

problem, the optimum makespan is given if it is known.  Otherwise, the best upper bound 

value is provided. 

The parameters for the algorithm HGA are set to the following values: population size 

(pop_size) 121, maximum number of generations (max_gen) 150, crossover probability (pc) 

0.8, mutation probability (pm) 0.2, and maximum number of iterations of the TS procedure 

(max_iter) 125.  The length of the tabu list (maxl) is randomly selected between 7 and 14 

each time the TS procedure is executed.  The algorithm is coded in C and run on a Pentium 

II-266 personal computer. 

5.1.  Results for randomly generated problems 

The results for the randomly generated problems are given in Table 1.  Table 1 contains 

the following information: 

Data(n×m) = the problem type. 

# of problems = the number of problem instances of each problem type. 
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Δavg (%)= The average solution gap in percentage.  For each problem the solution gap 

(deviation from the lower bound) is defined by ((ZHGA −LB)/LB)×100 where ZHGA is the 

best makespan found by HGA.  

Δmax (%)= the maximum solution gap in percentage. 

Tavg  = the average computation time (in seconds). 

Tmax  = the maximum computation time (in seconds). 

# opt. found = the number of problems which are solved to optimality, i.e., the solution gap 

is zero. 

As Table 1 shows, algorithm HGA performs extremely well for all of the problem types.  

The algorithm finds an optimum solution for 67 out of 70 problems.  For the three 

remaining problems, the average and maximum solution gap is 0.33% and 0.86%, 

respectively.  The average computation time ranges from 0.2 seconds for small problems to 

311.8 seconds for large problems. 

 

Table 1 Results for randomly generated problems 

Data 
(n×m) 

# of 
problems 

Δ avg (%) Δmax (%) Tavg
 Tmax

 # opt. 
found 

5× 5 10 0.00 0.00 0.2 1.0 10 
7×7 10 0.00 0.00 0.3 1.0 10 

10×10 10 0.00 0.00 1.7 3.0 10 
12×12 10 0.00 0.00 7.9 35.0 10 
15×15 10 0.00 0.00 42.4 252.0 10 
17× 17 10 0.10 0.86 311.8 1191.0 8 
20×20 10 0.03 0.03 214.4 1366.0 9 

 

5.2.  Results for benchmark problems from Taillard 

The detailed results of HGA on the benchmark problems from Taillard are presented in 
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Table 2 and summarized in Table 3.  The results are also compared to those obtained by LPT 

heuristic, insertion heuristic (IH) from Brasel  et al. [6], tabu search algorithm (TSA) from 

Liaw [23] and simulated annealing algorithm (SAA) from Liaw [24].  Tables 2 and 3 

contain the following information: 

Problem(n×m_k) = the problem type(n×m) and the problem number (k). 

Opt(LB)= the optimum value if known, otherwise, in parenthesis, the lower bound LB. 

ZHGA= the best value found by HGA. 

ZIH= the best value found by IH. 

ZLPT= the best value found by LPT. 

ZTSA= the best value found by TSA. 

ZSAA= the best value found by SAA. 

Time= the computation time of HGA. 

Δavg (%)= the average solution gap (in percentage), i.e., the average deviation from the 

optimum if known, otherwise, the average deviation from the lower bound value. 
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Table 2 Results for the benchmark problems from Taillard (An asterisk indicates an 

optimum solution and boldface indicates a new proved optimum solution.) 

Problem  
(n×m_k) Opt(LB) ZHGA ZIH ZLPT ZTSA ZSAA Time 

4× 4_1 193 193* 195 219 193* 193* 0 
4× 4_2 236 236* 244 256 236* 236* 0 
4× 4_3 271 271* 271* 299 271* 271* 0 
4× 4_4 250 250* 250* 260 250* 250* 0 
4× 4_5 295 295* 295* 317 295* 295* 0 
4× 4_6 189 189* 189* 239 189* 189* 0 
4× 4_7 201 201* 201* 218 201* 201* 1 
4× 4_8 217 217* 217* 248 217* 217* 1 
4× 4_9 261 261* 261* 282 261* 261* 0 
4× 4_10 217 217* 217* 225 217* 217* 0 

5× 5_1 300 300* 310 344 300* 300* 1 
5× 5_2 262 262* 265 297 262* 262* 0 
5× 5_3 323 323* 339 364 326 323* 9 
5× 5_4 310 310* 325 369 310* 310* 2 
5× 5_5 326 326* 343 358 326* 326* 1 
5× 5_6 312 312* 325 360 312* 312* 2 
5× 5_7 303 303* 310 357 303* 303* 1 
5× 5_8 300 300* 307 343 300* 300* 1 
5× 5_9 353 353* 364 418 353* 353* 1 
5× 5_10 326 326* 341 371 326* 326* 4 

7× 7_1 435 435* 442 465 435* 435* 12 
7× 7_2 443 443* 461 526 447 445 17 
7× 7_3 468 468* 482 527 474 473 74 
7× 7_4 463 463* 473 527 463* 466 12 
7× 7_5 416 416* 426 443 417 416* 3 
7× 7_6 451 451* 469 494 459 456 68 
7× 7_7 422 422* 440 451 429 425 91 
7× 7_8 424 424* 431 494 424* 424* 9 
7× 7_9 458 458* 461 488 458* 458* 4 
7× 7_10 398 398* 410 445 398* 398* 3 

10×10_1 (637) 637* 645 661 646 647 206 
10× 10_2 588 588* 588* 643 588* 589 71 
10×10_3 (598) 598* 611 672 601 604 187 
10× 10_4 577 577* 577* 591 577* 577* 20 
10× 10_5 640 640* 641 701 644 640* 59 
10× 10_6 538 538* 538* 556 538* 538* 21 
10× 10_7 616 616* 625 637 616* 616* 48 
10× 10_8 595 595* 596 686 595* 598 34 
10× 10_9 595 595* 595* 621 597 597 61 
10×10_10 596 596* 602 636 596* 596* 18 
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Table 2 Results for the benchmark problems from Taillard (continued) 

Problem  
(n×m_k) Opt(LB) ZHGA ZIH ZLPT ZTSA ZSAA Time 

15×15_1 937 937* 937* 972 937* 937* 71 
15× 15_2 918 918* 918* 972 920 919 153 
15×15_3 871 871* 871* 878 871* 871* 54 
15×15_4 934 934* 934* 965 934* 934* 13 
15×15_5 (946) 946* 950 999 949 952 109 
15×15_6 933 933* 933* 952 933* 933* 49 
15× 15_7 891 891* 891* 955 891* 891* 299 
15×15_8 893 893* 893* 929 893* 893* 94 
15×15_9 (899) 899* 908 927 910 905 394 
15× 15_10 902 902* 902* 943 906 902* 152 

20× 20_1 1155 1155* 1155* 1200 1155* 1159 233 
20× 20_2 (1241) 1242 1244 1296 1246 1262 1353 
20× 20_3 1257 1257* 1257* 1258 1257* 1257* 137 
20× 20_4 1248 1248* 1248* 1274 1248* 1248* 177 
20×20_5 1256 1256* 1256* 1262 1256* 1256* 160 
20× 20_6 1204 1204* 1209 1215 1204* 1204* 326 
20×20_7 1294 1294* 1294* 1317 1298 1296 633 
20×20_8 (1169) 1177 1173 1216 1184 1189 1293 
20×20_9 1289 1289* 1289* 1293 1289* 1289* 208 
20×20_10 1241 1241* 1241* 1265 1241* 1241* 137 

 

 

 

Table 3  Summary of the results in Table 2 

  HGA IH  LPT TSA SAA

Data  Δ avg (%)
 

# opt. 
found 

Δ avg (%)
 

# opt. 
found 

 Δ avg (%)
 

# opt. 
found

Δ avg (%)
 

# opt. 
Foun

d 

Δ avg (%)
 

# opt. 
found 

4× 4  0.00 10 0.44 8  10.47 0 0.00 10 0.00 10 

5× 5  0.00 10 3.60 0  14.93 0 0.09 9 0.00 10 

7× 7  0.00 10 2.68 0  10.98 0 0.56 5 0.40 5 

10× 10  0.00 10 0.62 4  7.06 0 0.29 6 0.36 5 

15× 15  0.00 10 0.14 8  4.03 0 0.22 6 0.14 7 

20× 20  0.08 8 0.10 7  2.99 0 0.20 7 0.39 6 
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It can be seen from Tables 2 and 3 that, HGA yields excellent results for these benchmark 

problems.  It finds an optimum solution for 58 out of 60 problems.  For the two remaining 

problems, the average and maximum solution gap is 0.38% and 0.68%, respectively.  The 

average computation time ranges from 0.2 seconds for problems with 16 operations to 465.9 

seconds for problems with 400 operations.  HGA significantly outperforms the other 

algorithms in terms of solution quality.  It finds the best solutions for all but one (20×20_8) 

of 60 problems.  Moreover, 4 of the 6 problems for which an optimum solution is not known 

previously are solved to optimality for the first time.  To further demonstrate the efficiency 

of HGA, we remark that for the ten benchmark problems with n=m=10 from Taillard, the 

branch-and-bound algorithm proposed in [7] solves only 6 of them within the time limit of 50 

hours on a Sun 4/20 workstation. 

We have not reported the computation times for the other algorithms in Table 2, since each 

algorithm is implemented on a different machine.  However, if the relative performance of 

these different machines is taken into account, some general comments about computational 

performance can be made.  HGA performs best in terms of solution quality and requires a 

reasonable amount of time.  SAA produces the second best results but requires a longer 

computation time than HGA.  The solutions obtained by TSA are comparable to those 

obtained by SAA, but TSA requires less computation time than SSA (and HGA).  Following 

LPT, IH is the second fastest method and finds worse results than SAA.  However, the 

difference becomes insignificant for the larger problem instances. 

To evaluate the effect of the population size (pop_size) on the performance of HGA, we 

run the algorithm for four different population sizes (81, 101, 121, and 151) on the same 

problems from Taillard, and the results are given in Table 4.  As shown in Table 4, the 

performance of HGA first improves and then declines as the population size increases.  The 

best performance is obtained with pop_size =121.  Since the selection scheme employed by 

HGA is a contractive sieve mechanism, the population size should be large enough to prevent 
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premature convergence.  A large population enables HGA to perform a wide exploration of 

the solution space with the cost of slow convergence.  The most effective population size 

can be determined experimentally, and is usually dependent on the problem being solved, the 

chromosome representation used, and the genetic operators manipulating the chromosomes. 

 

 

Table 4 Results for different population sizes 

  pop_size 
  81  101 121 151

Data  Δ avg (%) Tavg
  Δ avg (%) Tavg

 Δ avg (%) Tavg
 Δ avg (%) Tavg

 

4× 4  0.00 0.2  0.00 0.2 0.00 0.2 0.00 0.7 

5×5  0.00 4.4  0.00 6.6 0.00 2.2 0.00 3.5 

7×7  0.25 56.9  0.20 97.4 0.00 29.3 0.09 106.1 

10×10  0.10 81.0  0.03 139.2 0.00 72.5 0.02 101.6 

15×15  0.04 127.5  0.02 162.4 0.00 138.8 0.03 278.0 

20×20  0.10 278.8  0.12 487.6 0.08 465.9 0.09 559.6 

 

5.3.  Results for benchmark problems from Brucker et al. 

The detailed results of HGA on the benchmark problems from Brucker et al. are presented 

in Table 5.  These problems are all small and medium sized problems, and an optimum 

value is given for all but one problem (7× 7_1) for which the best upper bound value is 

provided.  Analysis of Table 5 reveals that the performance of HGA remains very good.  

Nineteen (out of 27) problems are solved to optimality.  For the 8 remaining problems, the 

average and maximum solution gap is 0.81% and 1.43%, respectively.  The computation 

time varies from 1 second for a 5× 5 problem to 250 seconds for a 7× 7 problem.  The 

solution gaps and computation times of HGA in Table 5 are no less than those of the same 

problem size in Table 2.  This confirms the hardness of these new benchmark problems. 
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Table 5 Results for the benchmark problems from Brucker et al. 

Problem  
(n×m_k) Opt ZHGA Time 

5×5_1 1042 1042 4 
5× 5_2 1054 1054 2 
5×5_3 1063 1063 11 
5× 5_4 1004 1004 2 
5×5_5 1002 1002 1 
5×5_6 1006 1006 2 
5×5_7 1000 1000 1 
5×5_8 1000 1000 1 
5× 5_9 1012 1012 1 

6× 6_1 1056 1056 54 
6× 6_2 1045 1045 32 
6× 6_3 1063 1063 186 
6× 6_4 1005 1005 13 
6× 6_5 1021 1021 23 
6×6_6 1012 1012 87 
6×6_7 1000 1000 30 
6×6_8 1000 1000 19 
6× 6_9 1000 1000 3 

7×7_1 1048a 1063 218 
7× 7_2 1055 1058 171 
7×7_3 1056 1059 210 
7× 7_4 1013 1022 250 
7×7_5 1000 1014 248 
7×7_6 1011 1020 250 
7×7_7 1000 1000 6 
7×7_8 1005 1011 248 
7× 7_9 1003 1010 211 

       aThe best upper bound known so far. 
 

6. Conclusions 

In his paper we develop a hybrid genetic algorithm incorporating a local improvement 

procedure based on TS for solving the open shop scheduling problem.  The incorporation of 

the local improvement procedure enables the algorithm to perform genetic search over the 

subspace of local optima.  The algorithm is tested on randomly generated problems, and 
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benchmark problems from the literature.  Computational results show that the algorithm 

performs extremely well.  Some of the benchmark problems in the literature are solved to 

optimality for the first time.  Moreover, the algorithm significantly outperforms other 

existing methods in terms of solution quality. 

A GA is good at performing global search to escape from local optima, while TS is 

effective for conducting fine-tuning.  By combining the properties of GA and TS, the hybrid 

algorithm HGA proposed is remarkably efficient for solving the open shop scheduling 

problem.  It finds an optimum solution for all but a tiny fraction of the test problems in a 

reasonable amount of time.  For those test problems not optimally solved, the solution gap 

(distance from the optimum or lower bound) is extremely small. 

Possible directions for future research include the development of other efficient local 

improvement procedures to improve the performance of the algorithm proposed, and the 

modification of the algorithm proposed to solve open shop scheduling problems with other 

criteria, such as flow time and tardiness. 
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Figure 1 Example of a feasible schedule for a 3-machine 3-job problem.  (Thick arrows 

denote critical arcs) 
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selected subsequence  

  

parent 1 1 2 3 4 5 6 7 8 9

   

offspring  8 9 3 4 5 6 1 7 2

 

parent 2 4 8 3 9 1 6 5 7 2

 

Figure 2 Illustration of the LOX crossover operator 
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PM(i) i     j SM(j)

PM(SJ(i)) SJ(i) SM(SJ(i)) SJ(j)

PJ(j)PM(PJ(j)) SM(PJ(j))

PJ(PJ(j))

PJ(i)

SJ(SJ(i))
 

Figure 3 Reversion of arcs (i, j), (PJ(j), j) and (i, SJ(i)). 

 


