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Abstract 

Recently, researchers have proposed decision support tool for generating suggestions for bids in combinatorial reverse 
auction based on disclosure of bids. An interesting issue is to design an effective mechanism to guide the bidders to collec-
tively minimize the overall cost without explicitly disclosing the bids. We consider a winner determination problem for 
combinatorial reverse auction and study how to support the bidders’ decisions without explicitly disclosing the bids of oth-
ers. We propose an information revelation scheme for a buyer to guide the sellers to generate potential winning bids to 
minimize the overall cost. The main results include: (1) a problem formulation for the combinatorial reverse auction prob-
lem; (2) a solution methodology based on Lagrangian relaxation; (3) a scheme to guide the sellers to generate potential win-
ning bids for the bidders in multi-round combinatorial reverse auctions based on revelation of Lagrange multipliers; (4) a 
heuristic algorithm for finding a near-optimal feasible solution and (5) results and analysis of our solution algorithms. 
Key words: Auction, e-Commerce, Integer programming, optimization, bid. 

 
 

1. Introduction 

Auctions are popular, distributed and autonomy preserv-
ing ways of allocating items or tasks among multiple 
agents to maximize revenue or minimize cost. In econom-
ics, different types of auctions have been proposed and ex-
tensively studied, including English Auction (open ascend-
ing price auction), Dutch auction (open descending price 
auction) and sealed first-price auction, etc. Single item 
auctions are by far the most common auction format, but 
they are not always efficient. Combinatorial auctions 
[15,19,23,25] enable several bidders to bid on different 
combination of goods according to personal preferences. 
Allowing bids for bundles of items is the foundation of 
combinatorial auctions. Bidders can select multiple items 
at one time and offer those items a price. It enables bidders 
to decide combinations of auction according to personal 
preferences of bidders. Combinatorial auctions are benefi-
cial if complementarities exist between the items to be auc-
tioned. Well-known examples are the auctioning of Federal 
Communications Commission's radio spectrum licenses, 
the sales of airport time slots, and allocation of delivery 
routes. Applying combinatorial auctions in corporations’ 
procurement processes can lead to significant savings [16, 
17]. Reverse auction is a business auction model that can 
be applied to corporations’ procurement. Combinatorial 
reverse auction enables buyers to simultaneously purchase 

multiple goods with the lowest prices from the sellers.  
Combinatorial auctions have attracted considerable at-

tention in the existing literature. An excellent survey on 
combinatorial auctions can be found in [3,18]. Combinato-
rial auctions have been notoriously difficult to solve from a 
computational point of view [21] due to the exponential 
growth of the number of combinations [26]. The combina-
torial auction problem can be modeled as a set packing 
problem (SPP) [2,4,9,24]. Sandholm et al. mentioned that 
determining the winners so as to maximize revenue in 
combinatorial auction is NP-complete [22,23]. Many algo-
rithms have been developed for combinatorial auction 
problems. Exact algorithms have been developed for the 
SPP problem, including iterative deepening A* search [22] 
and the direct application of available CPLEX IP solver [2]. 
Gonen and Lehmann proposed branch and bound heuristics 
for finding optimal solutions for multi-unit combinatorial 
auctions [6].  Jones and Koehler studied combinatorial auc-
tions using rule-based bids [12]. In [7,10,11], the authors 
proposed a Lagrangian heuristic and a Lagrangian relaxa-
tion approach for combinatorial reverse auction problems, 
respectively. Although combinatorial reverse auctions have 
been extensively studied, most studies focus on the devel-
opment of efficient solution algorithms to determine win-
ners. From the viewpoint of a bidder, how to find a poten-
tial winning bid that maximizes the profit is a key issue. In 
practice, each seller has no idea about the bids placed by 
other sellers at the beginning of a combinatorial reverse 
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auction. Therefore, each seller is “blind” in creating his 
bids. The bid placed by a seller is usually a profit maximiz-
ing bid that does not take into account the bids placed by 
other sellers. However, a profit maximizing bid may not be 
a winning bid. An interesting question is to design an in-
formation revelation mechanism to assist a seller to find 
profit maximizing winning bids while minimizing the cost 
of the buyer. 

Recently, decision support in auctions and combinatorial 
auctions has received significant attention. Adomavicius 
and Gupta presented several metrics that bidders can use to 
evaluate the current auction situation and the potential of 
each bid being among the winners [1]. The weakness of 
solving the winner determination problem (WDP) of com-
binatorial auctions in one shot is the black box nature of 
integer programming. Another stream of literature in com-
binatorial auctions is on ascending auctions, in which bid-
ders, instead of bidding one price for the bundles, engage 
in multiple rounds of auctions of different bundles. Ado-
mavicius and Gupta [1], among other proponent of the ap-
proach, argued that one advantage over the seal-bid one-
shot format is that bidders can get pricing feedback from 
the process. Our approach may open up the black box 
slightly to the bidders by offering the values of Lagrange 
multipliers to them. 

Kwasnica et al. provided the bidders with a vector of 
prices (one for each commodity) that new bids must beat in 
order to be accepted [13]. Gallien and Wein presented a 
system and the underlying theory for an optimization-
based multi-item auction mechanism that relies on the so-
lution of a linear program for minimizing the buyer's cost 
under the suppliers' known capacity constraints [5]. They 
assist suppliers in finding a winning bid price. The 
underlying assumption is that the suppliers are willing to 
disclose their cost functions to a supposedly neutral third 
party auction organizer. Hohner et al. provided feedback to 
nonwinning bidders regarding clearing prices, at which 
supply for each item equals demand [8]. Leskelä et al. [14] 
proposed a decision support tool for generating suggestions 
for bids that would be among the current winners of the 
auction. Their results indicate that the quantity support tool 
is useful as it decreases the total cost to the buyer and im-
proves the efficiency of the auction. The support tool of 
Leskelä et al. requires the information of the bids placed 
by other bidders. To apply the support tool of Leskelä et al. 
requires disclosing the bids of other bidders. An interesting 
question is how to develop an effective method to support 
bidders’ decision without disclosing the bids while mini-
mizing buyer’s total cost. The goal of this paper is to de-
sign an effective mechanism to guide the bidders to collec-
tively minimize the overall cost in combinatorial reverse 
auction. We consider a winner determination problem for 
combinatorial reverse auction in which a buyer wants to 
acquire items from a set of sellers and each seller can pro-
vide a set of items. We propose an information revelation 
scheme for a buyer to guide the bidders to generate poten-

tial winning bids to minimize the overall cost without dis-
closing the bids to all the bidders.  

One way to reduce the computational complexity in 
solving the Winner Determination Problem (WDP) for 
combinatorial reverse auction is to set up a fictitious mar-
ket to determine an allocation and prices in a decentralized 
way to adapt to dynamic environments where bidders and 
items may change from time to time. In this paper, we ap-
ply Lagrangian relaxation technique to develop a solution 
algorithm for WDP. We propose a multi-round combinato-
rial reverse auction algorithm to efficiently find a solution 
based on revelation of Lagrange multipliers for each type 
of item at the end of each round. In our multi-round com-
binatorial reverse auction algorithm, Lagrangian relaxation 
is applied to obtain a solution at the end of each round. To 
take advantage of Lagrange multipliers to efficiently guide 
the bidders in the bidding processes, the Lagrangian multi-
pliers are revealed to all the bidders. We propose a combi-
natorial reverse auction information revelation scheme 
based on Lagrangian multipliers. A seller may generate a 
new bid according to the most recently revealed Lagran-
gian multipliers.  

Lagrangian relaxation provides a systematic approach to 
determine an allocation and prices based on the introduc-
tion of Lagrange multipliers, which set prices for each item 
to be purchased by the buyer. If two or more sellers com-
pete for the same item, the price will be adjusted. This 
saves bidders from specifying their bids for every possible 
combination and the buyer from having to process each bid 
function. Based on the price for the individual items, bid-
ders submit bids. The bundle associated with a bid is tenta-
tively assigned to that bidder only if the price of the bid is 
the lowest. Based on the iterative price adjustment mecha-
nism, a solution will be obtained. It should be emphasized 
that Lagrangian relaxation is not guaranteed to find the op-
timal solution to the underlying problem. Furthermore, it is 
not guaranteed to produce a feasible solution by applying 
Lagrangian relaxation technique. In case the resulting solu-
tion is not feasible, a heuristic algorithm must be applied to 
adjust the infeasible solution to a feasible one. We develop 
a heuristic algorithm for finding a near-optimal, feasible 
solution based on the solution of the relaxed problem. We 
also demonstrate the advantage of multi-round combinato-
rial reverse auction algorithm (with revelation of Lagran-
gian multipliers) by comparing it with the single-round 
combinatorial reverse auction algorithm (without informa-
tion revelation). Our results indicate significant improve-
ment in costs can be achieved by applying our method at 
the price of more but acceptable CPU time. 

In summary, the main results presented in this paper in-
clude: (1) a problem formulation for the combinatorial re-
verse auction problem; (2) a solution methodology based 
on Lagrangian relaxation; (3) a price information revela-
tion scheme to facilitate auction based on an economic in-
terpretation of Lagrange multipliers and (4) results and 
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analysis of our solution algorithms. 
The remainder of this paper is organized as follows. In 

Section 2, we present the problem formulation. In Section 
3, we propose the solution algorithms for the dual problem 
and give an economic interpretation for our solution ap-
proach. In Section 4, we propose a combinatorial reverse 
auction information revelation scheme based on Lagran-
gian multipliers. In Section 5, we concentrate on the heu-
ristic algorithm for finding a feasible solution. Finally, we 
demonstrate the effectiveness of the proposed algorithms 
by analyzing the results of many numerical examples. We 
conclude this paper in Section 7.  

2. Combinatorial reverse auction problem formulation 

In this paper, we first formulate the combinatorial re-
verse auction problem as an integer programming problem. 
We then develop solution algorithms based on Lagrangian 
relaxation. Figure 1 illustrates an application scenario in 
which Buyer requests to purchase at least a bundle of items 
2A, 3B, 2C and 1D from the market. There are three bid-
ders, Seller 1, Seller 2 and Seller 3 who place bids in the 
system. Suppose Seller 1 places two bids: (1A, 2B, p11) 
and (1C, 1D, p12), where p11 and p12 denote the prices of 
the bids. Seller 2 places two bids: (1B, 2C, p21) and (2C, 
1D, p22). Seller 3 places two bids: (1C, 1D, p31) and 
(1A,1B, p32). We assume that all the bids entered the auc-
tion are recorded. A bid is said to be active if it is in the 
solution. We assume that there is only one bid active for all 
the bids placed by the same bidder. For this example, the 
solution for this combinatorial reverse auction problem is 
Seller1: (1A, 2B, p11), Seller 2: (2C, 1D, p22) and Seller 3: 
(1A,1B, p32). 

 Consider a buyer who requests a set of items to be pur-
chased. Let K denote the number of items requested. 
Let kd denote the desired units of the thk − item, where 

},....,3,2,1{ Kk ∈ . In a combinatorial reverse auction, there 
are many bidders. Let I denote the number of bidders in 
the combinatorial reverse auction. Each },....,3,2,1{ Ii∈  
represents a bidder. To model the combinatorial reverse 
auction problem, the bid must be represented mathemati-
cally. We use a vector ijb = ),,...,,,( 321 ijijKijijij pqqqq to 

represent the thj − bid submitted by bidder i , where ijkq is 

a nonnegative integer that denotes the quantity of 
the thk − items and ijp is a real positive number that de-

notes the price of the bundle. As the quantity of 
the thk − items cannot exceed the quantity kd , it follows 
that the constraint kijk dq ≤≤0 must be satisfied. 

The thj − bid ijb is actually an offer to deliver ijkq units of 

items for each },....,3,2,1{ Kk ∈ a total price of ijp . 

Let in denote the number of bids placed by bid-

der },....,3,2,1{ Ii∈ . Let J denote the maximum number of 
bids that a bidder can place in each round of combinatorial 
reverse auction. That is, i

Ii
nJ

},...,2,1{
max

∈
= . To formulate the 

problem, we use the variable ijx to indicate the thj − bid 

placed by bidder i is active ( ijx =1) or inactive ( ijx =0). 

The winner determination problem can be formulated as an 
Integer Programming problem as follows. 

 

Buyer

Seller 1 Seller 2 Seller 3

A B C D

     
Figure 1 Combinatorial Reverse Auction   

  Winner Determination Problem (WDP):    

  

   

   

   

 Condition (2-1) in WDP assumes “free disposal” as the 
total quantity offered by the winners must be greater than 
or equal to the desired quantity of the buyer. If there are 
more quantities provided than needed, we can dispose of 
the surplus with no additional cost. One way to reduce the 
computational burden in solving the WDP is to adopt La-
grangian relaxation approach to set up a fictitious market 
to determine an allocation and prices in a decentralized 
way to adapt to dynamic environments where bidders and 
items may change from time to time. The buyer announces 
which sets of items and sets prices for them. If two or more 
agents compete for the same item, the buyer adjusts the 
price vector. This saves bidders from specifying their bids 
for every possible combination and the buyer from having 
to process each bid function. The bundle associated with 
the bid is tentatively assigned to that bidder only if the 
price of the bid is the lowest. 

)32(}1,0{

)22(,...,11

)12(,...,2,1..

min

1

I

1i

n

1j

I

1i

n

1j

i

i

−∈

−=∀≤

−=∀≥

∑

∑∑

∑∑

=

=
=

=
=

ij

n

j ij

kijkij

ijij

x

Iix

Kkdqxts

px

i



   
4

3. Solution algorithms for dual problem 

The basic idea of Lagrangian relaxation is to relax some 
of the constraints of the original problem by moving them 
to the objective function with a penalty term. That is, in-
feasible solutions to the original problem are allowed, but 
they are penalized in the objective function in proportion to 
the amount of infeasibility. The constraints that are chosen 
to be relaxed are selected so that the optimization problem 
over the remaining set of constraints is in some sense easy. 
In WDP problem, we observe that the coupling among dif-
ferent operations is caused by the minimal requirement 
constraints (2-1). Let λ denote the vector with )(kλ repre-
senting the Lagrangian multiplier for the thk − items. We 
define 

  

{0,1}x

Iixts

qxdkPx)L(

ij

n

j ij

K

k

I

i

n

j ijkijk

I
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i
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∈
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∑
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))((min
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For a given Lagrange multiplierλ , the relaxation of con-
straints (2-1) decomposes the original problem into a num-
ber of bidders’ subproblems (BS). These subproblems can 
be solved independently. That is, the Lagrangian relaxation 
results in subproblems with a highly decentralized decision 
making structure. Interactions among subproblems are 
reflected through Lanrange multipliers, which are 
determined by solving the following dual problem. 

)(max
0
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λ
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)(Li λ defines a bidder’s subproblem (BS). Our meth-

odology for finding a near optimal solution of WDP is de-

veloped based on the result of Lagrangian relaxation and 

decomposition. It consists of three parts: (1) an algorithm 

for solving subproblems, (2) a subgradient method for 

solving the dual problem and (3) a heuristic algorithm for 

finding a near-optimal feasible solution. In this section, we 

focus on part (1) and part (2). Part (3) will be detailed in 

Section 5. 

(1) An algorithm for solving subproblems 

Given λ , the optimal solution to BS subprob-

lem )(Li λ can be solved as follows. 

Let ))((minarg
1

),...,2,1{ ∑
=

∈

∗ −=
K

k
ijkijnj

qkPj
i

λ . The optimal 

solution to )(Li λ is as follows. 
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Since evaluating )(Li λ  for eachλ is a snap, if we can find 
a fast way to determine the λ that solves )(max

0
λ

λ
L

≥
we 

would have fast procedure to find a solution. Although the 
resulting solution (values of the x variables) need not be 
feasible, it could be adjusted to a feasible solution without 
a great increase in objective function value. Findingλ that 
solves )(max

0
λ

λ
L

≥
can be accomplished using the subgradi-

ent algorithm. 
(2) A subgradient method for solving the dual prob-

lem )(max
0

λ
λ

L
≥

 

Let lx be the optimal solution to the subproblems for 

given Lagrange multipliers lλ of iteration l . We define the 

subgradient of )(λL as 
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)( , where },...,2,1{ Kk ∈ . 

The subgradient method proposed by Polyak [20] is 

adopted to update λ as follows 
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LLc

l
k
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Σ

−
=

λ
α , 20 ≤≤ c and L is an estimate 

of the optimal dual cost. The iteration step terminates 

if lα is smaller than a threshold. Polyak proved that this 

method has a linear convergence rate. The structure of our 

algorithms is depicted in Fig. 2. 

Iterative application of the algorithms in (1) and (2) may 

converge to an optimal dual solution ( *x , *λ ). It should be 

emphasized that Lagrangian relaxation is not guaranteed to 

find the optimal solution to the underlying problem. Rather, 

it finds an optimal solution to a relaxation of it. While La-

grangean relaxation will yield the optimal objective func-

tion value for the linear relaxation of the underlying inte-

ger program, it is not guaranteed to produce a feasible so-

lution. Thus the solution generated may not satisfy the 

complementary slackness conditions. In case the solution 

is not feasible, we must develop a heuristic algorithm to 

find a feasible solution. Development of a heuristic algo-

rithm to find a feasible solution is detailed in Section 5. 
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Figure 2. Structure of solution algorithms 

  

4. Revelation of Lagrange multipliers 

Decomposition of the original problem into BS sub-

problems provides us a different viewpoint of the original 

problem. Decision making of the original problem is com-

posed of those of BSs. BS can be regarded as the decision 

making problem to acquire the required resources and 

benefits from utilizing the acquired resources. The decision 

processes of each entity are just like the ones made by sell-

ers in a real business environment. That is, a seller is will-

ing to sell a good only when its utility is at least equal to its 

market price. The buyer will raise the market price in case 

of resource shortage. Such processes occur in the decision 

making of the BS. Lagrange multipliers can often be given 

the economic interpretation as marginal costs for using the 

items when they are used to relax demand constraints. In 

our relaxation procedure above, the Lagrange multipli-

ers )(kλ is used to relax the demand constraints of item k . 

Lagrange multipliers )(kλ can be interpreted as the mar-

ginal benefit of using an additional unit of item k . Suppose 

the constraint ∑∑
=

=
≤−

I

i

n

j ijkijk
i qxd

1
1

0 is violated. That is, 

∑∑
=

=
>−

I

i

n

j ijkijk
i qxd

1
1

0 . In this case, adding an addi-

tional unit of item k reduces the total cost by )(kλ . On the 

other hand, if the constraint ∑∑
=

=
≤−

I

i

n

j ijkijk
i qxd

1
1

0 holds, 

adding an additional unit of item increases the total cost 

by )(kλ . 

To take advantage of the Lagrange multipliers to effi-

ciently guide the bidders in a combinatorial reverse auction, 

we propose an information revelation scheme. In this sec-

tion, we propose an information revelation scheme to guide 

the bidders without revealing the the details of all the bids 

submitted. The information revealed in our scheme is 
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based on Lagrange mulipliers obtained at the end of each 

round of the combinatorial reverse auction. Let *λ denote 

the Lagrange multipliers obtained at the end of the m-th 

round. Lagrange multipliers )(* kλ  for each item k of the 

m-th round are revealed. By revealing )(* kλ for each 

item k , each bidder will know the marginal benefit of add-

ing a unit of item k . Thus, each bidder may place a new 

bid based on )(* kλ for each k . To determine whether a 

new bid should be placed, consider the following BS for 

bidder Ii∈ : 

Suppose  
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xts
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Suppose a new bid jib ′ = ),,...,,,( 321 jiKjijijiji pqqqq ′′′′′ is 

placed by bidder i . Then 
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 In this case, jib ′ is the better than all the existing bids 

placed by bidder i . It will be the bid selected by the algo-
rithm. Therefore, if )(* kλ is revealed for each item k , ine-

quality )14( − imposes a condition for bidder i to place a 
new bid that will be selected by the Lagrangian relaxation 
solution algorithm. 
To be a winner in the next round of combinatorial reverse 
auction, a bidder may draw up a new bid under the con-
straint that the minimal profit must be satisfied. A bidder 
determines whether he should submit a new bid jib ′ to 

maximize the profit while satisfying constraints )14( − . To 
achieve this objective, the following optimization problem 
is formulated, where *

ic denotes the minimal profits bid-

der i expect to take from the combinatorial reverse auction.  
Profit Maximization for Bidder (PMB) 
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A problem obtained by relaxing the con-
straints },...,2,1{}0{ KkZq kji ∈∀∪∈ +

′ in PMB is formu-

lated as follows. 
Linear Programming for PMB (LPPMB) 

},...,2,1{0

0

},...,2,1{)()(

..

max

1

*

1

*

*

1

1

Kkq

P

njqkPqkP

cqcPts

qcP

kji

ji

i

K

k
ijkij

K

k
kjiji

i

K

k
kjikjiji

K

k
kjikjiji

∈∀≥

≥

∈∀−≤−

≥−

−

′

′

==
′′

=
′′′

=
′′′

∑∑

∑

∑

λλ  

Bidder i determines whether to submit a new bid by solv-
ing LPPMB. If there exists a solution for LPPMB, a new 
bid will be submitted based on the solution. Otherwise, no 
new bid will be submitted. 
Suppose the combinatorial reverse auction is con-
ducted M rounds. Our information revelation scheme is 
applied at the end of each round. Each bidder may sub-
mit J bids in each round. Therefore, in the M -th round, a 
bidder may submit at most MJ bids. 

5. A heuristic algorithm for finding a feasible solution 

Although revelation of Lagrange multipliers may im-
prove the efficiency as well as reduce the costs, it is still 
possible that the outcome of the multi-round combinatorial 
reverse auction is still not a feasible solution. In this case, 
we develop a heuristic algorithm to find a feasible solution 
based on the solution *x and the Lagrange multipli-
ers *λ obtained at the end of the m-th round. The heuristic 
algorithm for finding a near-optimal feasible solu-
tion x based on the solution ( *x , *λ ) of the relaxed prob-
lem is proposed in this section. 

The solution obtained by applying the subgradient 
method may not be a feasible. If it is not feasible, it could 
be adjusted to a feasible solution without a great increase 
in objective function value. To adjust the solution of the 
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dual problem to a feasible one, one must identify the set of 
demand constraints violated 0K and the set of bid-
ders 0I that is not a winner in solution of the dual problem. 
Then we pick the bidders from the set 0I according to the 
rule of minimal cost first to fulfill the insufficient quantity 
required by the set of violated demand constraints 0K .  

The solution ( *x , *λ ) may result in one type of con-
straint violation due to relaxation: assignment of the quan-
tity of items less than the demand of the items. Our heuris-
tic scheme first checks all the demand con-

straints Kkdqx
I

1i

n

1j kijkij
i ,...,2,1* =∀≥∑∑

=
=

that have not 

been satisfied. 

Let 0K = }},,....,3,2,1{{ *∑∑
=

=
<∈

I

1i

n

1j kijkij
i dqxKkk . 

0K denotes the set of demand constraints violated. 
Let 0I = }0},,....,3,2,1{{ * =∈ ijxIii . 0I denotes the set of 

bidders that is not a winner in solution *x .  To make the set 
of constraints 0K satisfied, we first 

pick 0Kk ∈ with ∑∑
=

=∈
−=

I

1i

n

1j
*i

0
minarg ijkijk

Kk
qxdk . The 

heuristic algorithm proceeds as follows to make con-
straint k satisfied. Select 0Ii∈ and },...,2,1{ inj∈ with 

ijqnj
pargj

ijki 0},,...2,1{
min

>∈
= and set ijx =1. After performing 

the above operation, we set }{\00 iII ← . If the violation 
of the k -th constraint cannot be completely resolved, the 
same procedure repeats. Eventually, all the constraints will 
be satisfied. 

Heuristic Algorithm for Finding a Feasible Solution 
Step 0: *xx ←  
Step 1:   Find the set of demand constraints violated. 

Find 0K = 

}},,....,3,2,1{{ *∑∑
=

=
<∈

I

1i

n

1j kijkij
i dqxKkk . 

Step 2:    Find the set of bidders that is not a winner in  
solution *x . 
Find 0I = }0},,....,3,2,1{{ * =∈ ijxIii . 

Step 3:  While Φ≠0K  

Select ∑∑
=

=∈
−=

I

1i

n

1j
*i

0
minarg ijkijk

Kk
qxdk from 0K  

Select 0Ii∈ and },...,2,1{ inj∈ with 

ijqnj
pargj

ijki 0},,...2,1{
min

>∈
=  

Set ijx =1 

}{\00 iII ←  
             End While 

The effectiveness of the solution algorithms can be 

evaluated based on the duality gap, which is the ratio of the 

difference between primal and dual objective values di-

vided by the primal objective value. That is, duality gap is 

defined by
)(

)()( *

xf
Lxf λ− . 

)(xf =∑∑
=

=

I

1i

n

1j ijij
i px  

6. Experimental results and analysis 

Based on the proposed algorithms for combinatorial re-
verse auction, we conduct several examples to illustrate the 
effectiveness of our method. 

Example 1: Consider a buyer who will purchase a set of 
five items. The desired units of each type of items are one. 
Suppose there are two sellers. Suppose each seller only 
places two bids. For this example, we have 

).1,1,1,1,1(1
5,2,2

54321 ======
===

dddddd
KJI

k
 

Suppose the four bids submitted by the two bidders are as 
follows: 

0,1,0,1,0
1,0,1,0,1

0,1,0,1,0
1,0,1,0,1

225224223222221

215214213212211

125124123122121

115114113112111

=====
=====
=====
=====

qqqqq
qqqqq

qqqqq
qqqqq

  

40,90,6010 22211211 ==== PPP0,P . 

Suppose we initialize the Lagrange multipliers as fol-
lows:

0.10)5(,0.10)4(,0.10)3(,0.10)2(,0.10)1( ===== λλλλλ
Our subgradient algorithm converges to the following solu-
tion: 

*
11x =1, *

12x =0, *
21x =0, *

22x =1, 

As the above solution is a feasible one, the heuristic algo-
rithm needs not be applied. Therefore, 11x =1, 12x =0, 
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21x =0, 22x =1. Indeed, the solution *x is also an optimal 
solution. The duality gap of the solution is as follows: 

Duality gap = 0% 

Example 2: Consider a buyer who will purchase a set of 
four items. The desired units of each type of items are 

1d2d1d2d ==== 4321 ,,, . 

Suppose there are three sellers. Suppose each bidder only 
places two bids. For this example, we have 

1.d2d1d2d
4,KJI

====
===

4321 ,,,
,2,3

 

Suppose the four bids submitted by the two bidders are as 
follows: 

1,,,0
0,1,,

,,1,0
0,,0,

,0,1,
0,,0,1

324323322321

314313312311

224223222221

214213212211

124123122121

114113112111

====
====
====
====
====
====

q0q0qq
qq0q0q

1q0qqq
q1qq0q

0qqq1q
q1qqq

 

50,45,80,40,757 323122211211 ====== PPPPP0,P  

Suppose we initialize the Lagrange multipliers as follows. 

0.50)4(,0.)3(,0.0)2(,0)1( ==== λλλλ 354.03 . 

Our subgradient algorithm converges to the following solu-
tion: 

*
12x =1, *

22x =1, *
32x =1. 

As the above solution is not a feasible one, the heuristic 
algorithm needs to be applied. Our heuristic algorithm 
leads to the following feasible solution 

11x =1, 21x =1, 22x =1, 32x =1. 

The duality gap of the solution is as follows: 

Duality gap = 2.448%. 

Despite the duality gap is not zero, the solution x is an op-
timal solution for this example. 

In addition to Example 1, Example 2 and Example 3, Table 
1 illustrates the duality gap of several cases based on the 
problem size (I, J, K). According the results, the duality 
gaps are within 3%. This means the solution methodology 
generates near-optimal solution. 

I  J K Duality Gap 

5 10 5 2.8% 

10 5 10 2.2% 

30 10 20 2.4% 

                                    Table 1 

0
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200
250
300

5 10 15 20 25 30

I

 

Figure 4 CPU time (in millisecond) respect to I  

0

200

400

600

800
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J

 

Figure 5 CPU time (in millisecond) respect to J  

In addition to the two examples above, we also conduct 
several experiments to study the computational efficiency 
of our proposed algorithms. These experiments shows the 
growth of CPU time with respect to JI , and K , respec-
tively. 

 Figure 4 shows the CPU time for a number of problems 

in which parameter J and K are fixed while the parameter 

I is changed. The increase in the CPU time is not 

significant as parameter I is increased. According to the 

following equation:  
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.)(Ldk)L(
I

i
i

K

k
k ∑∑

==

+=
11

)( λλλ  

This result justifies the fact that the CPU time to com-
pute )L(λ for a givenλ grows approximately linearly with 
respect to I . 
The CPU time for a number of problems in which parame-
ter I and K are fixed while the parameter J is changed is 
shown in Fig. 5. As inJ max= , it only influences the com-
putation of 

{0,1},x

xts

qkPx)(L

ij

n

j ij

n

j

K

k
ijkijiji

i

i

∈

≤

−=

∑

∑ ∑

=

=
=

1

1
1

1..

))((min λλ

 

 Therefore, the CPU time to compute )L(λ for a 
givenλ grows approximately linearly with J . 

0
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2000
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Figure 6 CPU time (in millisecond) with respect to K  

We also study the growth of the CPU time with respect to 
parameter K .  

As ∑∑
==

+=
I

i
i

K

k
k )(Ldk)L(

11

)( λλλ with 

{0,1},x

xts

qkPx)(L

ij

n

j ij

n

j

K

k
ijkijiji

i

i

∈

≤

−=

∑

∑ ∑

=

=
=

1

1
1

1..

))((min λλ

 

The CPU time to calculate∑
=

K

k
ijkqk

1

)(λ will increase ap-

proximately proportionally with K . Note that the Lagrange 
multiplier is updated as follows: 





 ≥++

=+

.0

;0)()()()(
)(1

otherwise

kkifkgk
k

llllll
l λαλαλ

λ  

As the number of Lagrange multipliers are proportional 
to K , the CPU time computation involved in updatingλ  

will increase approximately proportionally with 2K . 
Figure 6 shows the growth of CPU time with respect to K . 

0.00%
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90.00%

100.00%
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M

 

            Figure 7 Cost for each round 5,4,3,2,1=m  

Figure 7 shows the reduction on the cost for the combina-
torial reverse auction Example 2 with five rounds and 

1,3,1,1

1,,2,2

3,,2,1

43332313

42322212

41312111

====

====

====

′′′′

′′′′

′′′′

jjjj

jjjj

jjjj

cccc

c1ccc

c1ccc

 

Note that significant cost reduction can be achieved in the 
second round and the third round. The cost reduction di-
minishes at the fourth round and the fifth round. This im-
plies that the cost reduction can be expected in the first few 
rounds. 
Before concluding this paper, we compare the difference 
between the method proposed in this paper and the existing 
literature on combinatorial auctions. This paper is differen-
tiated from the method proposed in [22] to find the optimal 
solution in that we adopt the Lagrangian relaxation ap-
proach to find approximate solutions. The advantage of our 
Lagrangian relaxation approach is to find approximate so-
lutions efficiently. Numerical examples indicate that our 
algorithm generates near-optimal solution within accept-
able CPU time. Our proposed algorithm is different from 
the one [7] based on Lagrangian heuristic in existing litera-
ture as our algorithm is based on the subgradient algorithm 
to adjust Lagrangian multipliers in multi-round combinato-
rial reverse auctions. We propose an effective mechanism 
to guide the bidders to collectively minimize the overall 
cost without explicitly disclosing the bids. Our multi-round 
combinatorial reverse auction algorithm to guide sellers to 
generate potentially winning bids only relies on revelation 
of Lagrange multipliers. It is different from the methods 
proposed in [5] and [14], which require revelation of all 
bids to generate suggestions for bids. 
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7. Conclusion 

Combinatorial auctions enable several bidders to bid on 
different combination of goods according to personal pref-
erences. Bidders can select multiple items at one time and 
offer those items a price. It enables bidders to decide com-
binations of auction according to personal preferences and 
more effectively arranges bid winners. Combinatorial auc-
tions have been notoriously difficult to solve from a com-
putational point of view due to the exponential growth of 
the number of combinations. Although combinatorial re-
verse auctions have attracted a lot of attention recently, 
most studies focus on development of efficient solution 
algorithms to determine winners. From the viewpoint of a 
buyer, an important issue is to design an effective mecha-
nism to guide the bidders to collectively minimize the 
overall cost. On the other hand, from the viewpoint of a 
bidder, how to find a potential winning bid that maxin-
mizes the profit is a key issue. In practice, each seller has 
no idea about the bids placed by other sellers at the begin-
ning of a combinatorial reverse auction. Therefore, each 
seller is “blind” in creating his bids. The bid placed by a 
seller is usually a profit maximizing bid that does not take 
into account the bids placed by other sellers. However, a 
profit maximizing bid may not be a winning bid. An inter-
esting issue is to design an information revelation mecha-
nism to assist a seller to find profit maximizing winning 
bid while minimizing the cost of the buyer. 
Motivated by the deficiency of existing results, we con-
sider a winner determination problem for combinatorial 
reverse auction in which a buyer wants to acquire items 
from a set of sellers and each seller can provide a set of 
items. We propose an information revelation scheme for a 
buyer to guide the sellers to generate potential winning 
bids to minimize the overall cost umtimately. This paper is 
different from the one presented in [7] as we adopt the 
subgradient method find Lagrange multipliers. Our multi-
round combinatorial reverse auction algorithm to guide 
sellers to generate potentially winning bids only relies on 
revelation of Lagrange multipliers. It is different from the 
methods proposed in [5] and [14], which require revelation 
of all bids to generate suggestions for bids.  
We formulate a winner determination optimization prob-
lem for combinatorial auction. The demands of the buyer 
impose additional constraints on determination of the win-
ners.  By applying Lagrangian relaxation technique, the 
original optimization can be decomposed into a number of 
bidders’ subproblems. Our methodology consists of three 
parts: (1) an algorithm for solving bidders’ subproblems by 
exploiting their individual structures; (2) a subgradient 
method for solving the non-differentiable dual problem; (3) 
an information revelation scheme to facilitate auction 
based on an economic interpretation of Lagrange multipli-
ers; (4) a heuristic algorithm for finding a near-optimal, 
feasible solution and (5) results and analysis of our solu-

tion algorithms. The information revealed is based on the 
Lagrange multipliers that are iteratively updated in our al-
gorithm. A bidder may submit a new bid based on the price 
information revealed. Although the price information reve-
lation scheme may improve the performance of combinato-
rial reverse auctions, it does not guarantee a feasible solu-
tion. In case the resulting solution is not feasible, a heuris-
tic algorithm must be applied to adjust the infeasible solu-
tion to a feasible one. We develop a heuristic algorithm for 
finding a near-optimal, feasible solution based on the solu-
tion of the relaxed problem. Numerical results indicate that 
our proposed algorithms yield near optimal solutions. We 
also demonstrate the advantage of multi-round combinato-
rial reverse auction algorithm (with revelation of Lagran-
gian multipliers) by comparing it with the single-round 
combinatorial reverse auction algorithm (without informa-
tion revelation). Our results indicate significant improve-
ment in costs can be achieved by applying our method with 
acceptable CPU time. 
Although we concentrate on combinatorial reverse auction, 
the solution method proposed in this paper can be applied 
to regular auctions in which there are multiple buyers bid-
ding for a set of goods offered by one seller. The WDP of 
combinatorial auctions is similar to the winner determina-
tion problem (WDP) of combinatorial reverse auctions. By 
changing the objective function to maximize the revenue, 
changing sellers to buyers and changing buyer to seller in 
the WDP of combinatorial reverse auctions, we can formu-
late the WDP of combinatorial auctions. Lagrangian re-
laxation approach can also be applied to solve the WDP of 
combinatorial auctions by following a procedure similar to 
the one proposed in this paper. 
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